
ar
X

iv
:1

50
3.

02
20

0v
2 

 [c
s.

G
T

]  
18

 J
ul

 2
01

5

Sequential Posted Price Mechanisms with Correlated
Valuations

Marek Adamczyk
adamczyk@dis.uniroma1.it

Sapienza University of Rome

Allan Borodin
bor@cs.toronto.edu

University of Toronto

Diodato Ferraioli
dferraioli@unisa.it

University of Salerno

Bart de Keijzer
dekeijzer@dis.uniroma1.it

Sapienza University of Rome

Stefano Leonardi
leonardi@dis.uniroma1.it

Sapienza University of Rome

Abstract
We study the revenue performance of sequential posted pricemechanisms and some natural extensions, for a

general setting where the valuations of the buyers are drawnfrom a correlated distribution. Sequential posted price
mechanisms are conceptually simple mechanisms that work byproposing a “take-it-or-leave-it” offer to each buyer.
We apply sequential posted price mechanisms to single-parameter multi-unit settings in which each buyer demands
only one item and the mechanism can assign the service to at mostk of the buyers. For standard sequential posted price
mechanisms, we prove that with the valuation distribution having finite support, no sequential posted price mechanism
can extract a constant fraction of the optimal expected revenue, even with unlimited supply. We extend this result
to the the case of a continuous valuation distribution when various standard assumptions hold simultaneously (i.e.,
everywhere-supported, continuous, symmetric, and normalized (conditional) distributions that satisfyregularity, the
MHR condition, andaffiliation). In fact, it turns out that the best fraction of the optimal revenue that is extractable
by a sequential posted price mechanism is proportional to ratio of the highest and lowest possible valuation. We
prove that for two simple generalizations of these mechanisms, a better revenue performance can be achieved: if the
sequential posted price mechanism has for each buyer the option of either proposing an offer or asking the buyer
for its valuation, then aΩ(1/max{1,d}) fraction of the optimal revenue can be extracted, whered denotes the degree
of dependence of the valuations, ranging from complete independence (d = 0) to arbitrary dependence (d = n − 1).
Moreover, when we generalize the sequential posted price mechanisms further, such that the mechanism has the
ability to make a take-it-or-leave-it offer to thei th buyer that depends on the valuations of all buyers excepti’s, we
prove that a constant fraction (2−

√
e)/4 ≈ 0.088 of the optimal revenue can be always be extracted.

1 Introduction

A large body of literature in the field of mechanism design focuses on the design of auctions that are optimal with re-
spect some given objective function, such as maximizing thesocial welfare or the auctioneer’s revenue. This literature
mainly considered direct revelation mechanisms, in which each buyer submits a bid that represents his valuation for
getting the service, and the mechanism determines the winners and how much they are forced to pay. The reason for
this is therevelation principle(see, e.g., [Börgers, 2015]), which implies that one may resort to studying only direct
revelation mechanisms for many purposes, such as maximizing the social welfare or the auctioneer’s revenue. Some of
the most celebrated mechanisms follow this approach, such as the Vickrey-Clark-Groves mechanism [Vickrey, 1961,
Clarke, 1971, Groves, 1973] and the Myerson mechanism [Myerson, 1981].

A natural assumption behind these mechanisms is that buyerswill submit truthfully whenever the utility they take
with the truthful bid is at least as high as the utility they may take with a different bid. However, it has often been
acknowledged that such an assumption may be too strong in a real world setting. In particular, Sandholm and Gilpin
[2004] highlight that this assumption usually fails because of: 1) a buyer’s unwillingness to fully specify their values, 2)
a buyer’s unwillingness to participate in ill understood, complex, unintuitive auction mechanisms, and 3) irrationality
of a buyer, which leads him to underbid even when it is known that there is nothing to be gained from this behavior.

This has recently motivated the research about auction mechanisms that are conceptually simple. Among these,
the class ofsequential posted price mechanisms[Chawla et al., 2010] is particularly attractive. First studied by
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Sandholm and Gilpin [2004] (and called “take-it-or-leave-it mechanisms”), these mechanisms work by iteratively se-
lecting a buyer that has not been selected previously, and offering him a price. The buyer may then accept or reject
that price. When the buyer accepts, he is allocated the service. Otherwise, the mechanism does not allocate the service
to the buyer. In the sequential posted-price mechanism we allow both the choice of buyer and the price offered to
that buyer to depend on the decisions of the previously selected buyers (and the prior knowledge about the buyers’
valuations). Also, randomization in the choice of the buyerand in the charged price is allowed. Sequential posted price
mechanisms are thus conceptually simple and buyers do not have to reveal their valuations for the service. Moreover,
they possess a trivial dominant strategy (i.e., do not require any strategic decisions on the part of a buyer) and are
individually rational (i.e., informally, participation in such an auction is never harmful to the buyer).

Sequential posted price mechanisms have been mainly studied for the setting where the valuations of the buyers
are each drawn independently from publicly known buyer-specific distributions, called theindependent valuessetting.
In this paper, we study a much more general setting, and assume that the entire vector of valuations is drawn from one
publicly known distribution, which allows for arbitrarilycomplex dependencies among the valuations of the buyers.
This setting is commonly known as thecorrelated valuessetting. Our goal is to investigate questions related to the
existence of sequential posted price mechanisms that achieve a high revenue. That is, we quantify the quality of a
mechanism by comparing its expected revenue to that of theoptimal mechanism: the mechanism that achieves the
highest expected revenue among all dominant strategy incentive compatible and ex-post individually rational mecha-
nisms (see the definitions in Section 2 below).

We assume a standard Bayesian, transferable, quasi-linearutility model and we study aunit demand, single param-
eter, multi-unitsetting: there is one service (or type of item) being provided by the auctioneer, any buyer is interested
in receiving the service once, and thevaluationof each buyer consists of a single number that reflects to whatextent
a buyer would profit from receiving the service provided by the auctioneer. The auctioneer can charge a price to a
bidder, so that the utility of a bidder is his valuation (in case he gets the service), minus the charged price. We focus
in this paper on thek-limited supply setting, where service can be provided to atmostk of the buyers. This is an
important setting because it is a natural constraint in manyrealistic scenarios, and it contains two fundamental special
cases: theunit supplysetting (wherek = 1), and theunlimited supplysetting wherek = n.

Related work There has been recent substantial work on the subject of revenue performance forsimplemecha-
nisms [Hartline and Roughgarden, 2009, Hart and Nisan, 2012, Babaioff et al., 2014, Rubinstein and Weinberg, 2015,
Devanur et al., 2015]. In particular, Babaioff et al. [2014] highlight the importance of understanding what is the rela-
tive strength of simple versus complex mechanisms with regard to revenue maximization.

As described above, sequential posted price mechanisms arean example of such a simple class of mechanisms.
Sandholm and Gilpin [2004] have been the first ones to study sequential posted price mechanisms. They give ex-
perimental results for the case in which values are independently drawn from the uniform distribution in [0, 1].
Moreover, they consider the case where multiple offers can be made to a bidder, and study the equilibria that arise
from this. Blumrosen and Holenstein [2008] compare fixed price (called symmetric auctions), sequential posted price
(called discriminatory auctions) and the optimal mechanism for valuations drawn from a wide class of i.i.d distri-
butions. Babaioff et al. [2012] considerprior-independentposted price mechanisms withk-limited supply for the
setting where the only information known about the valuation distribution is that all valuations are independently
drawn from the same distribution with support [0, 1]. Posted-price mechanisms have also been previously studied in
[Kleinberg and Leighton, 2003, Blum and Hartline, 2005, Blum et al., 2004], albeit for a non-Bayesian, on-line set-
ting. In a recent work Feldman et al. [2015] study “on-line” posted price mechanisms for combinatorial auctions when
valuations are independently drawn.

The works of Chawla et al. [2010] and Gupta and Nagarajan [2013] are closest to our present work, although they
only consider sequential posted price mechanisms in the independent values setting. In particular, Chawla et al. [2010]
prove that such mechanisms can extract a constant factor of the optimal revenue for single and multiple parameter set-
tings under various constraints on the allocations. They also considerorder-oblivious(i.e., “on-line”) sequential posted
price mechanisms in which the order in which the order of the buyers is fixed and adversarially determined. They use
order-oblivious mechanisms in order to establish some results for the more general multi-parameter case. Yan [2011]
builds on this work and strengthens some of the results of Chawla et al. [2010]. Moreover, Kleinberg and Weinberg
[2012] prove results that imply a strengthening of some of the results of Chawla et al. [2010].

Gupta and Nagarajan [2013] introduce a more abstract stochastic probing problem that includes Bayesian sequen-
tial posted price mechanisms as well as the stochastic matching problem introduced by Chen et al. [2009]. Their
approximation bounds were later improved by Adamczyk et al.[2014] who in particular matched the approximation
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of Chawla et al. [2010] for single matroid settings.
All previous work only consider the independent setting. Inthis work we instead focus on the correlated set-

ting. The lookahead mechanism of Ronen [2001] is a fundamental reference for the correlated setting and resem-
bles our blind auction mechanism but is different in substantial ways as we will soon indicate. Cremer and McLean
[1988] made a fundamental contribution to auction theory inthe correlated value setting, by characterizing exactly
for which valuation distributions it is possible to extractthe full optimal social welfare as revenue. They do this
for the ex-post IC, interim IR mechanisms and for the dominant strategy IC, interim IR mechanisms. Segal [2003]
give a characterization of optimal ex-post incentive compatible and ex-post individually rational optimal mechanisms.
Roughgarden and Talgam-Cohen [2013] study optimal mechanism design in the even more generalinterdependent
setting. They show how to extend the Myerson mechanism to this setting for various assumptions on the valuation
distribution. There is now a substantial literature [Dobzinski et al., 2011, Roughgarden and Talgam-Cohen, 2013,
Chawla et al., 2014], that develop mechanisms with good approximation guarantees for revenue maximization in the
correlated setting. These mechanisms build on the lookahead mechanism of Ronen [2001] and thus they also differ
from the mechanisms proposed in this work.

Contributions and outline We define some preliminaries and notation in Section 2. In Section 3.1 we give a simple
sequence of instances which demonstrates that for unrestricted correlated distributions the expected revenue of the
best sequential posted price mechanism does not approximate within any constant factor the expected revenue of the
optimal dominant strategy incentive compatible and ex-post individually rational mechanism. This holds for any value
of k (i.e, the size of the supply). We extend this impossibility result by proving that a constant approximation is im-
possible to achieve even when we assume that the valuation distribution is continuous and satisfies all of the following
conditions simultaneously: the valuation distribution issupported everywhere, is entirely symmetric, satisfiesregular-
ity, satisfies themonotone hazard ratecondition, satisfiesaffiliation, all the induced marginal distributions have finite
expectation, and all the conditional marginal distributions are non-zero everywhere.

The maximum revenue that a sequential posted price mechanism can generate on our examples is shown to be
characterized by the logarithm of the ratio between the highest and lowest valuations in the support of the distribution.
We show in Section 3.2 that this approximation ratio is essentially tight.

Given these negative results, we consider a generalizationof sequential posted price mechanisms that are more
suitable for settings with limited dependence among the buyers’ valuations:enhanced sequential posted price mech-
anisms. An enhanced sequential posted price mechanism works by iteratively selecting a buyer that has not been
selected previously. The auctioneer can either offer the selected buyer a price or ask him to report his valuation. As
in sequential posted price mechanisms, if the buyer is offered a price, then he may accept or reject that price. When
the buyer accepts, he is allocated the service. Otherwise, the mechanism does not allocate the service to the buyer. If
instead, the buyer is asked to report his valuation, then themechanism does not allocate him the service. Note that
the enhanced sequential posted price mechanism requires that some fraction of buyers reveal their valuation truthfully.
Thus, the original property that the bidders not have to reveal their preferences ispartially sacrificed, in return for a
more powerful class of mechanisms and (as we will see) a better revenue performance. For practical implementation
such mechanisms can be slightly adjusted by providing a bidder with a small monetary reward in case he is asked to
reveal his valuation1.

For the enhanced sequential posted price mechanisms, we prove that again there are instances in which the revenue
is not within a constant fraction of the optimal revenue. However, we show that this class of mechanisms can extract
a fractionΘ(1/n) of the optimal revenue, i.e., a fraction that is independent of the valuation distribution.

This result seems to suggest that to achieve a constant approximation of the optimal revenue it isnecessaryto
collect all the bids truthfully. Consistent with this hypothesis, we prove that a constant fraction of the optimal revenue
can be extracted by a dominant strategy ICblind offer mechanisms: these mechanisms inherit all the limitations of
sequential posted price mechanisms (i.e., buyers are considered sequentially in an order independent of the bids; it is
possible to offer a price to a buyer only when selected; and the buyer gets theservice only if it accepts the offered
price), except that the price offered to a bidderi may now depend on the bids submitted by all players other thani. This
generalization sacrifices entirely the property that buyers valuations need not be revealed, and the class of blind offer
mechanisms are thus necessarily direct revelation mechanisms. However, this comes with the reward of a revenue
that is only a constant factor away from optimal. Also, blindoffer mechanisms preserve the conceptual simplicity of

1We also note that in some realistic scenarios, the valuationof some buyers may be known a priori to the auctioneer (through, for example,
the repetition of auctions or accounting and profiling operations), which can be exploited accordingly in the design of the enhanced posted price
mechanism.
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sequential posted price mechanisms, and are easy to grasp for the buyers participating in the auction. Unfortunately
it turns out that blind offer mechanisms are not inherently truthful, although this isonly for a subtle reason: while
it is true that a buyer cannot influence the price he is offered nor the decision of the mechanism to pick him, he can
still be incentivized to misreport in order to influence the probability that the supply has not run out before the buyer
is picked. However, this is not a big obstruction, as we will show that there is a straightforward way to turn any
blind offer mechanism into an incentive compatible one. We stress that, even if blind offer mechanisms sacrifice some
simplicity (and practicality), we still find it theoretically interesting that a mechanism that on-line allocates items to
buyers (i.e.,in any order) and thus not necessarily allocating the items to agents maximizing their profit,say as in
Ronen [2001] and Chawla et al. [2010]) is able to achieve a constant approximation of the optimal revenue even with
correlated valuations. Moreover, our result for blind offer mechanisms has a constructive purpose: it provides the
intermediate step enroute to establishing revenue approximation bounds for other mechanisms. We will show how
blind offer mechanisms serve to this purpose in Section 4 for the construction of enhanced sequential posted price
mechanisms.

We highlight that our positive results do not make any assumptions on the marginal valuation distributions of the
buyers nor the type of correlation among the buyers. However, in Section 4 we consider the case in which the degree
of dependence among the buyers is limited. In particular, weintroduce the notion ofd-dimensionally dependent
distributions. This notion informally requires that for each buyeri there is a setSi of d other buyers such that the
distribution of i’s valuation when conditioning on the vector of other buyers’ valuations can likewise be obtained by
only conditioning on the valuations ofSi . Thus, this notion induces a hierarchy ofn classes of valuation distributions
with increasing degrees of dependence among the buyers: ford = 0 the buyers have independent valuations, while
the other extremed = n − 1 implies that the valuations may be dependent in arbitrarily complex ways. Note that
d-dimensional dependence does not require that the marginalvaluation distributions of the buyers themselves satisfy
any particular property, and neither does it require anything from the type of correlation that may exist among the
buyers. This stands in contrast with commonly made assumptions such assymmetry, affiliation, themonotone-hazard
rate assumption, andregularity, that is often encountered in the auction theory and mechanism design literature.

Our main positive result for enhanced sequential posted price mechanisms then states that when the valuation
distribution isd-dimensionally dependent, there exists an enhanced sequential posted price mechanism that extracts
anΩ(1/d) fraction of the optimal revenue. The proof of this result consists of three key ingredients:

• An upper bound on the optimal ex-post IC, ex-post IR revenue in terms of the solution of a linear program. This
upper bound has the form of a relatively simple expression that is important for the definition and analysis of
a blind offer mechanism that we define subsequently. This part of the proof generalizes a linear programming
characterization introduced by Gupta and Nagarajan [2013]for the independent distribution setting.

• A proof for the fact that incentive compatible blind offer mechanisms are powerful enough to extract a constant
fraction of the optimal revenue of any instance. This makes crucial use of the linear program mentioned above.

• A conversion lemma showing that blind offer mechanisms can be turned into enhanced sequential postedprice
mechanisms while maintaining a fractionΩ(1/d) of the revenue of the blind offer mechanism2.

While our focus is on proving the(non-)existenceof simple mechanisms that perform well in terms of revenue,
we note the following about the computational complexity ofour mechanisms: all the mechanisms that we use in our
positive results run in polynomial time when the valuation distribution is given as a description of the valuation vectors
together with their probability mass3.

Additionally, we note that all of our negative results hold for randomized mechanisms. On the other hand: our
positive results only require randomization in a limited way. For our positive results for classical sequential posted
price mechanisms, only the offered prices need to be randomly chosen, while the order in which the agents are picked
is arbitrary. This makes these positive results hold through for theorder-oblivious(i.e., on-line) setting in which the
mechanism has no control over the agent that is picked in eachiteration. Our positive result for blind offer mechanisms
only requires randomized pricing in casek < n and works for any ordering in which the agents are picked, as long as
the mechanisms knows the ordering in advance. Our positive result for enhanced sequential posted price mechanisms

2The sequential posted price mechanism constructed in this lemma depends on a parameterq which can be adjusted to trade off the amount of
valuation elicitation against the hidden constant in theΩ(1/d) expression.

3When the valuation distribution is not accessible in such a form, and can instead only be sampled from, then standard sampling techniques can
be used in order to obtain an estimate of the distribution. When this estimate is reasonably accurate (which should be thecase when the distribution
in question does not have extreme outliers), then the mechanisms in our paper can still be used with only a small additional loss in revenue.
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requires randomized pricing and the assumption that the mechanism can pick a uniformly random ordering of the
agents (i.e., holds in therandom order modelROM of arrivals).

Some of the proofs have been omitted in the main body of the paper. In some occasions we have replaced them by
proof sketches. In all of these cases the full versions of theproofs can be found in Appendix E.

2 Preliminaries and notation

Fora ∈ N, we write [a] to denote the set{1, . . . , a}. We write1[X] to denote the indicator function for propertyX (i.e.,
it evaluates to 1 ifX holds, and to 0 otherwise). When~v is a vector anda is an arbitrary element, we denote by (a,~v−i)
the vector obtained by replacingvi with a.

We face a setting where an auctioneer provides a service ton buyers, and is able to serve at mostk of the buyers.
As mentioned in the introduction, the buyers have valuations for the service offered, which are drawn from avaluation
distribution, defined as follows.

Definition 1 (Valuation distribution). A valuation distributionπ for n buyers is a probability distribution onRn
≥0.

We will assume throughout this paper thatπ is discrete, except for in Theorem 2. In that proposition we assume that
some standard assumptions about continuous valuation distributions hold, such asregularity, themonotone hazard rate
(MHR) condition andaffiliation. We refer the interested reader to Appendix A for a definitionand a brief discussion
of these properties.

We will use the following notation for conditional and marginal probability distributions. For an arbitrary probabil-
ity distributionπ, denote by supp(π) the support ofπ. Letπ be a discrete finite probability distribution onRn, let i ∈ [n],
S ⊂ [n] and~v ∈ Rn. We denote by~vS the vector obtained by removing from~v the coordinates in [n] \ S. We denote
by πS the probability distribution induced by drawing a vector fromπ and removing the coordinates corresponding to
index set [n] \ S. If S = {i} is a singleton, we writeπi instead ofπ{i} and if S consists of all but one buyeri, we write
π−i instead ofπ[n]\{i}. We denote byπ~vS the probability distribution ofπ conditioned on the event that~vS is the vector
of values on the coordinates corresponding to index setS. We denote byπi,~vS the marginal probability distribution of
the coordinate ofπ~vS that corresponds to buyeri. Again, in these cases, in the subscript we will also writei instead of
{i} and−i instead of [n] \ {i}.

Each of the buyers is interested in receiving the service at most once. The auctioneer runs amechanismwith
which the buyers interact. In general, a mechanism consistsof a specification of (i.) the strategies available to the
buyers, (ii.) a function that maps each vector of strategieschosen by the buyers to an outcome. The mechanism, when
provided with a strategy profile of the buyers, outputs an outcome that consists of a vector~x = (x1, . . . , xn) and a
vector~p = (p1, . . . , pn): vector~x is theallocationvector, i.e., the (0, 1)-vector that indicates to which of the buyers the
auctioneer allocates the service, and~p = (p1, . . . , pn) is the vector ofpricesthat the auctioneer asks from the buyers.
For outcome (~x, ~p), the utility of a buyeri ∈ [n] is xivi − pi . The auctioneer is interested in maximizing therevenue
∑

i∈[n] pi , and is assumed to have full knowledge of the valuation distribution, but not of the actual valuations of the
buyers.

We formalize the above as follows.

Definition 2. An instanceis a triple (n, π, k), where n is the number of participating buyers,π is the valuation distribu-
tion, and k∈ N≥1 is the amount of services that the auctioneer may allocate tothe buyers. Adeterministic mechanism
f is a function from×i∈[n]Σi to {0, 1}n × Rn

≥0, for any choice ofstrategy setsΣi , i ∈ [n]. WhenΣi = supp(πi) for all
i ∈ [n], mechanism f is called a deterministicdirect revelation mechanism. A randomized mechanismM is a proba-
bility distribution over deterministic mechanisms. For i∈ [n] and~s ∈ × j∈[n]Σ j , we will denote i’sexpected allocation
E f∼M[ f (~s)i ] by xi(~s) and i’sexpected paymentE f∼M[ f (~s)n+i ] by pi(~s). (When we use this notation, the mechanism M
will always be clear from context.)

Definition 3. Let (n, π, k) be an instance and M be a randomized direct revelation mechanism for that instance.
Mechanism M isdominant strategy incentive compatible (dominant strategy IC) iff for all i ∈ [n] and~s ∈ × j∈[n]supp(π j)
and~v ∈ supp(π),

xi(vi , ~s−i)vi − pi(vi , ~s−i) ≥ xi(~s)vi − pi(~s).

Mechanism M isex-post individually rational (ex-post IR)iff for all i ∈ [n] and~s ∈ supp(π),

xi(s)vi − pi(s) ≥ 0.
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For convenience we usually will not treat a mechanism as a probability distribution over outcomes, but rather as
the result of a randomized procedure that interacts in some way with the buyers. In this case we say that a mechanism
is implemented bythat procedure. The sequential posted price mechanisms aredefined to be the mechanisms that are
implemented by a particular such procedure, defined as follows.

Definition 4. An sequential posted price mechanismfor an instance(n, π, k) is any mechanism that is implementable
by iteratively selecting a buyer i∈ [n] that has not been selected in a previous iteration, and proposing a price pi for
the service, which the buyer may accept or reject. If i accepts, he gets the service and pays pi , resulting in a utility of
vi − pi for i. If i rejects, he pays nothing and does not get the service, resulting in a utility of0 for i. Once the number
of buyers that have accepted an offer equals k, the process terminates. Randomization in the selection of the buyers
and prices is allowed.

We will initially be concerned with only sequential posted price mechanisms. Later in the paper we define and
study the two generalizations of sequential posted price mechanisms that we mentioned in the introduction.

Note that each buyer in a sequential posted price mechanism has an obvious dominant strategy: He will accept
whenever the price offered to him does not exceed his valuation, and he will reject otherwise. Also, a buyer always
ends up with a non-negative utility when participating in a sequential posted price mechanism. Thus, by the revelation
principle (see, e.g., [Börgers, 2015]), a sequential posted price mechanism can be straightforwardly converted intoa
dominant strategy IC and ex-post IR direct revelation mechanism that achieves the same expected revenue.

Our interest lies in analyzing the revenue performance of sequential posted price mechanisms. We do this by
comparing the expected revenue of such mechanisms to the maximum expected revenue that can be obtained by a
mechanism that satisfies dominant strategy IC and ex-post IR. Thus, for a given instance letOPT be the maximum
expected revenue that can be attained by a dominant strategyIC, ex-post IR mechanism and letREV(C) be the max-
imum expected revenue achievable by some class of mechanisms C. Our goal throughout this paper is to derive
instance-independent lower and upper bounds on the ratioREV(C)/OPT, whenC is the class of sequential posted
price mechanisms or one of the generalizations mentioned.

A more general class of mechanisms is formed by theex-post incentive compatible, ex-post individually rational
mechanisms.

Definition 5. Let (n, π, k) be an instance and M be a randomized direct revelation mechanism for that instance.
Mechanism M isex-post incentive compatible (ex-post IC)iff for all i ∈ [n], si ∈ supp(πi) and~v ∈ supp(π),

xi(~v)vi − pi(~v) ≥ xi(si ,~v−i)vi − pi(si ,~v−i).

In other words, a mechanism isex-post ICif it is a pure equilibrium for the buyers to always report their valuation.
In this work we sometimes compare the expected revenue of our(dominant strategy IC and ex-post IR) mechanisms
to the maximum expected revenue of the more general class of ex-post IC, ex-post IR mechanisms. This strengthens
our positive results. We refer the interested reader to Roughgarden and Talgam-Cohen [2013] for a further discussion
of and comparison between various solution concepts.

3 Sequential posted price mechanisms

We are interested in designing a posted price mechanism that, for any givenn and valuation distributionπ, achieves
an expected revenue that lies only a constant factor away from the optimal expected revenue that can be achieved
by a dominant strategy IC, ex-post IR mechanism. In this section we show that this is unfortunately impossible. In
fact, we will show that the approximation ratios established in this section are asymptotically optimal in terms of a
distributional parameter to be defined in section 3.2.

3.1 Non-existence of good posted price mechanisms

We next prove the following theorem.

Theorem 1. For all n ∈ N≥2, there exists a valuation distributionπ such that for all k∈ [n] there does not exist a
sequential posted price mechanism for instance(n, π, k) that extracts a constant fraction of the expected revenue ofthe
optimal dominant strategy IC, ex-post IR mechanism.
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Proof. We first consider the unit supply setting, i.e., instances ofthe form (n, π, 1). As a first step, we show that it is
impossible to achieve a constant factor approximation whenwe compare a posted price mechanism to the expected
expectedoptimal social welfare, defined as:

OS W= E~v∼π[max{vi : i ∈ [n]}].

Let OR be the optimal revenue that a dominant strategy IC and ex-post IR mechanism can achieve. (Of course
ORdepends on the valuation distributionπ, but we assume that the valuation distribution is given, andimplicit from
context.) It is clear thatOS Wis an upper bound toOR regardless ofπ, since a dominant strategy IC and ex-post IR
mechanism will not charge (in expectation) any buyer a higher price than its expected valuation.

Fix m ∈ N≥1 arbitrarily, and consider the case wheren = 1 and the valuationv1 of the single buyer is taken from
{1/a: a ∈ [m]} distributed such thatπ1(1/a) = 1/m for all a ∈ [m]. In this setting, a posted price mechanism will offer
the buyer a pricep, which the buyer subsequently accepts iff v1 ≥ p. After that, the mechanism terminates.

Note thatOS W= 1
m

∑m
a=1

1
a . The expected revenue of the mechanism is

RM = pPrv1∼π1[v1 ≥ p] = p
|{a: 1/a ≥ p}|

m
=
|{a: 1/a ≥ 1/p−1}|

mp−1
=

p−1

mp−1
=

1
m
. (1)

Therefore:

lim
m→∞

RM
OS W

= lim
m→∞

1
∑

a∈[m] 1/a
=

1
H(m)

= 0.

So, no posted price mechanism can secure in expectation a revenue that lies a constant factor away from the expected
optimal social welfare. (Because our analysis is for an instance instance with only one buyer, this inapproximability
result also holds for instances with independent valuations.)

We extend the above example in a simple way to a setting where the expected revenue of the optimal dominant
strategy IC, ex-post IR mechanism is equal to the expected optimal social welfare.

Fix m ∈ N≥1 and consider a setting with 2 buyers, where the type vector (v1, v2) takes values in{(1/a, 1/a) : a ∈ [m]}
according to the probability distribution whereπ((1/a, 1/a)) = 1/m for all a ∈ [m]. A mechanism that always gives
buyer 1 the service, and charges buyer 1 the bid of buyer 2, is clearly dominant strategy IC and also clearly achieves a
revenue equal to the optimal social welfare.

In this two buyer setting, the valueOS Wis againOS W= 1
m

∑m
a=1

1
a. By symmetry, we may assume without loss of

generality that a posted price mechanism works by first proposing a pricep1 to buyer 1, and then proposing a pricep2

to buyer 2 if buyer 1 rejected the offer. Using arguments similar to (1), we derive that the revenue of this mechanism
is:

RM = p1Pr(v1,v2)∼π[v1 ≥ p1] + p2Pr(v1,v2)∼π[v1 < p1 ∩ v2 ≥ p2]

=
1
m
+ p2Pr(v1,v2)∼π[v1 < p1 ∩ v2 ≥ p2] ≤ 1

m
+ p2Pr(v1,v2)∼π[v2 ≥ p2] =

2
m
.

Therefore:

lim
m→∞

RM
OR
= lim

m→∞

RM
OS W

≤ lim
m→∞

2
∑

a∈[m] 1/a
= 0.

The above example establishes the non-existence of a good sequential posted price mechanism in the case where
the service has to be provided to a single buyer. Suppose now that the service can be provided to 2 buyers, and
each buyer gets the service at most once. Consider again two buyers whose values are drawn from the probability
distributionπ as defined above. As above, by symmetry we may assume that our posted price mechanism first proposes
price p1 to buyer 1, and then proposes either pricep2 or p′2 to buyer 2:p2 is proposed in case the offer was rejected
by buyer 1, andp′2 is proposed otherwise. The difference with the previous analysis for the unit supply case isthat the
mechanism proposes a price to buyer 2 regardless of whether buyer 1 accepted the offer or not.

We derive:

RM = p1Pr(v1,v2)∼π[v1 ≥ p1 ∩ v2 < p′2] + p2Pr(v1,v2)∼π[v1 < p1 ∩ v2 ≥ p2]

+ (p1 + p′2)Pr(v1,v2)∼π[v1 ≥ p1 ∩ v2 ≥ p′2]

≤ 2
m
+ (p1 + p′2)Pr(v1,v2)∼π[v1 ≥ p1 ∩ v2 ≥ p′2]
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≤ 2
m
+ 2 max{p1, p

′
2}Pr(v1,v2)∼π[v1 ≥ max{p1, p

′
2}] ≤

4
m
.

The optimal incentive compatible mechanism works by givingthe service to both buyers while charging the bid of
buyer 1 to buyer 2, and charging the bid of buyer 2 to buyer 1. The resulting expected revenue is exactly the expected
optimal social welfare:OR= OS W= 1

m

∑m
a=1

2
a .We therefore obtain

lim
m→∞

RM
OR
= lim

m→∞

RM
OS W

≤ lim
m→∞

4
∑

a∈[m] 2/a
= 0.

The above yields an impossibility result for 2-limited supply. By adding to this instance dummy buyers that always
have valuation 0, we obtain an impossibility result fork-limited supply, wherek ∈ N. �

We prove that the above impossibility result holds also in the continuous case even if we assume that all of the
following conditions simultaneously hold: the valuation distribution is supported everywhere, is entirely symmetric,
satisfiesregularity, satisfies themonotone hazard ratecondition, satisfiesaffiliation, all the induced marginal distri-
butions have finite expectation, and all the conditional marginal distributions are non-zero everywhere. We remark
that Roughgarden and Talgam-Cohen [2013] showed that when all these assumptions are simultaneously satisfied, the
optimal ex-post IC and ex-post IR mechanism is the Myerson mechanism, that is the same mechanism that is optimal
in the independent value setting. Thus, these conditions make the correlated setting very similar to the independent
one with respect to revenue maximization. Yet our result show that, whereas posted price mechanism can achieve a
constant approximation revenue in the latter setting, thisresult does not extend to the former one.

Theorem 2. There exists a valuation distributionπ such that

1. π has support[0, 1]n;

2. the expectationE~v∼π[vi ] is finite for any i∈ [n];

3. π is symmetric in all its arguments;

4. π is continuous and nowhere zero on[0, 1]n;

5. the conditional marginal densitiesπi|~v−i
are nowhere zero for any~v−i ∈ [0, 1]n−1 and any i∈ [n];

6. π has a monotone hazard rate and is regular;

7. π satisfies affiliation.

for which there does not exist a sequential posted price mechanism in which valuations are distributed according to
π that extracts more than a constant fraction of the expected revenue of the optimal dominant strategy IC, ex-post IR
mechanism.

Proof. Considerc > 1 andm≥ (c− logc)/2 and setM = 1+ 1/m. Let V be a random variable whose value is drawn
over the support [1/m, 1] according to the probability density function

fV(x) =
1

(m− 1)x2
.

Let N1 andN2 be two random variables whose values are independently drawn over the support [0,M − v] according
to the conditional density function

fN|V(z | V = v) = c−z ln(c)
Z(v)

with c > 1 andZ(v) = 1 − c−(M−v). Finally, let f be the probability density function of the pair (X,Y) = (V + N1 −
1/m,V + N2 − 1/m).

Properties 1, 2 and 3 are trivial and can be immediately checked.
For v ∈ [0, 1], let fX|V(·|V = v) and fY|V(·|V = v) be respectively the probability density functions ofX andY

conditioned on the event thatV = v. In order to establish the remaining properties, observe that fX|V(x | V = v) =

8



fN|V(x− v + 1/m | V = v) if x+ 1/m ≥ v and 0 otherwise. Equivalently,fY|V(y | V = v) = fN|V(y − v + 1/m | V = v) if
y + 1/m≥ v and 0 otherwise. Consider now the triple (X,Y,V). The joint density function of this triple is

fX,Y,V(x, y, v) = fX|Y,V(x | Y = y,V = v) · fY|V(y | V = v) · fV(v).

Note thatfX|Y,V(x | Y = y,V = v) = fX|V(x | V = v) if min{x, y} + 1/m≥ v and 0 otherwise. Then

fX,Y,V(x, y, v) = fN|V(x− v + 1/m | V = v) · fN|V(y − v + 1/m | V = v) · fV(v).

if min{x, y} + 1/m≥ v and 0 otherwise. Hence, we can computef as follows:

f (x, y) =
∫ 1

1/m
fX,Y,V(x, y, v)dv =

ln2(c)
m− 1

· c−(x+y) ·
∫ α+1/m

1/m

c2v

v2Z(v)2
dv,

whereα = min {1− 1/m, x, y}. Note that the integrated function is continuous and positive in the interval in which it is
integrated. Hence, the integral turns out to be non-zero. From this, we observe thatf (x, y) is continuous and nowhere
zero on [0, 1]2, satisfying Property 4.

Let us now derive the conditional probability density functions. By symmetry it will be sufficient to focus only on
fX|Y.

fX|Y(x | Y = y) =
∫ 1

1/m
fX|Y,V(x | Y = y,V = v) · fV(v)dv =

ln(c)
m− 1

· c−x ·
∫ α+1/m

1/m

cv

v2Z(v)
dv

=
m2cM ln(c)

m− 1
· c−x ·

∫ α

0

1
(mz+ 1)2(c1−z − 1)

dz.

It is now obvious that the conditional probability density functions are continuous and nowhere zero, as desired by
Property 5.

Let γ(z) = 1/((mz+ 1)2(c1−z − 1)), g(a) =
∫ a

0
γ(z)dzwith a ∈ [0, 1] and letα′ = min{y, 1− 1/m}. Then

fX|Y(x | Y = y) = m2cM ln(c)
m− 1

· c−x ·














g(x), if x < α′;

g(α′), otherwise.

Moreover, we have that

1− FX|Y(x | Y = y) =
∫ 1

x
fX|Y(z | Y = y)dz

=
m2cM ln(c)

m− 1
·














∫ α′

x
c−zg(z)dz+ g(α′)

∫ 1

α′
c−zdz, if x < α′;

g(α′)
∫ 1

x
c−zdz= g(α

′)(c−x−c−1)
ln(c) , otherwise.

Hence, the inverse hazard rate is

I (x) =
1− FX|Y(x | Y = y)

fX|Y(x | Y = y)
=



















∫ α′

x
c−zg(z)dz+g(α′)

∫ 1

α′ c−zdz

c−xg(x) , if x < α′;
1−cx−1

ln(c) , otherwise.

We prove thatI (x) is non-increasing inx in the interval [0, 1] and thusf has the monotone hazard rate and is, as a
consequence, regular, as required by Property 6.

Clearly,I (x) is non-increasing inx in the interval [α′, 1] since in this caseI (x) = (1− cx−1)/ ln(c). Moreover,I (x)
does not have discontinuities forx = α′. So, it is sufficient to show thatI (x) in non-increasing also in the interval
[0, α′]. To this aim, observe that forx < α′,

dI(x)
dx
=

d
dx

∫ α′

x
c−zg(z)dz+ g(α′)

∫ 1

α′
c−zdz

c−xg(x)

=

(

c−xg(x)
d
dx

∫ α′

x
c−zg(z)dz−

∫ α′

x
c−zg(z)dz

d
dx

c−xg(x)
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+c−xg(x)g(α′)
d
dx

∫ 1

α′
c−zdz− g(α′)

∫ 1

α′
c−zdz

d
dx

c−xg(x)

)

/(c−xg(x))2.

Observe that, according to the second fundamental theorem of calculus,

d
dx

∫ α′

x
c−zg(z)dz= −c−xg(x),

whereas
d
dx

c−xg(x) = c−xγ(x) − c−xg(x) ln(c),

and d
dx

∫ 1

α′
c−zdz= 0. Then,

dI(x)
dx
= −1+

(

ln(c) − γ(x)
g(x)

)

∫ α′

x
c−zg(z)dz+ g(α′)

∫ 1

α′
c−zdz

c−xg(x)
= −1+

(

ln(c) − γ(x)
g(x)

)

I (x).

The result then follows by showing thatγ(x)/g(x) ≥ ln(c).
To this aim, let us consider the functionγ′(z) = cz(c1−z − 1)(mz+ 1)2 for z ∈ [0, x]. Note that

dγ′(z)
dz

= 2mc(mz+ 1)

(

1− 2m+mzlogc+ logc
c1−z

)

≤ 2mc(mz+ 1)

(

1− 2m+ logc
c

)

≤ 0,

where we used the fact thatm≥ (c− logc)/2. Thus,γ′(z) is non-increasing in its argument and, in particular,

γ′(z) ≥ γ′(x) ≥ (cx − 1)(c1−x − 1)(mx+ 1)2.

By simple algebraic manipulation, it then follows thatγ(z) ≤ γ(x)cz/(cx − 1). Then

γ(x)
g(x)

=
γ(x)

∫ x

0
γ(z)dz

≥
γ(x)

∫ x

0
cz

cx−1γ(x)dz
=

cx − 1
∫ x

0
czdz

= ln(c),

as desired.
Set nowC = ln2(c)/(m− 1) and leth(a) =

∫ min{1−1/m,a}+1/m

1/m
c2v

v2Z(v)2 dv with a ∈ [0, 1]. Note that integrated function
is positive for anyv ∈ [1/m, 1]. Hence, the integral increases as the size of the intervalin which it is defined increases.
In other word, the functionh(a) is non-decreasing ina.

Consider now the two pairs (x, y) and (x′, y′). Moreover, let ˆx = max{x, x′} and x̌ = min{x, x′} and, similarly,
defineŷ andy̌. We show thatf (x, y) f (x′, y′) ≤ f (x̂, ŷ) f (x̌, y̌), satisfying in this way also Property 7.

Indeed,
f (x, y) f (x′, y′) = C2c−(x+y+x′+y′)h(min{x, y})h(min{x′, y′}).

If x ≥ x′ andy ≥ y′ (x < x′ andy < y′, respectively), then ( ˆx, ŷ) = (x, y) ((x′, y′), resp.) and ( ˇx, y̌) = (x′, y′) ((x, y),
resp.), and the desired result immediately follows. Suppose instead that ( ˆx, ŷ) = (x, y′) and (x̌, y̌) = (x′, y). Then

f (x̂, ŷ) f (x̌, y̌) = C2c−(x+y+x′+y′)h(min{x, y′})h(min{x′, y}).

We will prove that in this caseh(min{x, y})h(min{x′, y′}) ≤ h(min{x, y′})h(min{x′, y}). First observe that on both
sides one of the two factors must beh(min{x, y, x′, y′}) = h(min{x′, y}). Suppose without loss of generality, that
min{x′, y} = y. Then it is sufficient to prove thath(min{x′, y′}) ≤ h(min{x, y′}), or, sinceh in non-decreasing, that
min{x′, y′} ≤ min{x, y′}. If x ≤ y′, thenx′ ≤ x ≤ y′ by hypothesis and the claim follows. Ify′ < x, then it immediately
follows that min{x′, y′} ≤ y′. The case that ( ˆx, ŷ) = (x′, y) and (x̌, y̌) = (x, y′) is similar and hence omitted.

Finally, observe that limc→∞ fN|V(0 | V = v) = 1 and limc→∞ fN|V(z | V = v) = 0 for any z > 0. Hence,
limc→∞ X = limc→∞ Y = V − 1/m.

Let us consider the case that the service can be offered to only one buyer. In this setting, the following is a dominant
strategy IC and ex-post IR mechanism: it offers to buyer 1 the service at a price of the valuation of buyer 2minus
a fixed constantǫ. For small enoughc, ǫ can be chosen arbitrarily small. Thus, for anyǫ there exists a choice ofc
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such that in expectation this mechanism extracts as revenueall butǫ of the social welfare. The expected optimal social
welfare (and thus the optimal expected revenue) is:

OR= OS W= Ev∼ fV [v − 1/m] =
∫ 1

1/m

v − 1/m
(m− 1)v2

dv =
ln(m)
m− 1

− 1
m
≥ ln(m− 1)

m− 1
.

A posted price mechanism will offer buyer 1 a pricep1 ≥ 0, which the buyer subsequently accepts iff X ≥ p1. After
that, if buyer 1 rejects, the mechanism offers a pricep2 to buyer 2. Thus, ifp1 ∈ [0, 1− 1/m], then

p1Prv∼ fV [X ≥ p1] = p1Prv∼ fV [v ≥ p1 + 1/m]

= p1

∫ 1

p1+1/m

1
(m− 1)v2

dv =
p1

m− 1

(

1
p1 + 1/m

− 1

)

≤ 1− p1

m− 1
≤ 1

m− 1
.

Moreover, ifp1 ≥ 1− 1/m, thenp1Prv∼ f [X ≥ p1] = 0. Hence,

RM = p1Prv∼ f [v ≥ p1] + p2Prv∼ f [v < p1 ∩ v ≥ p2] ≤ 1
m− 1

+ p2Prv∼ f [v ≥ p2] ≤ 2
m− 1

.

Therefore:

lim
m→∞

RM
OR
= lim

m→∞

RM
OS W

≤ lim
m→∞

2
ln(m− 1)

= 0.

The case in which it can be offered to both buyer is similar and omitted. �

We note that above theorem can be easily extended to a any number of buyers, by adding dummy buyers whose
valuation is independently drawn over the support [0, 1] according to the probability density function

f (x) =
c−x ln c
1− c−1

.

Note that, with this extension, the resulting distributionπ does not satisfy the symmetry condition anymore. In the
result of Roughgarden and Talgam-Cohen [2013], symmetry isnot necessary for the optimality of the Myerson mech-
anism to hold.

3.2 A revenue guarantee for sequential posted price mechanisms

In the previous section we have demonstrated that it is impossible to have a sequential posted price mechanism extract
a constant fraction of the optimal revenue. More precisely,in our example instances it was the case that the expected
revenue extracted by every posted price mechanism is aΘ(1/ log(r)) fraction of the optimal expected revenue, wherer
is the ratio between the highest valuation and the lowest valuation in the support of the valuation distribution. A natural
question that arises is whether this is the worst possible instance in terms of revenue extracted, as a function ofr. We
show here that this is indeed the case, asymptotically: For every valuation distributionπ, there exists a mechanism
that extracts in expectation at least aΘ(1/ log(r)) fraction of the revenue of the optimal revenue. We note that in many
realistic scenarios, we do not expect the extremal valuations of the buyers to lie too far from each other, because often
the valuation of a buyer is strongly impacted by prior objective knowledge of the value of the service to be auctioned.
The results of this section are valuable when that is the case.

We start with the unit supply case.

Definition 6. For a valuation distributionπ on Rn, let vmax
π and vmin

π be max{vi : v ∈ supp(π), i ∈ [n]} and
min{max{vi : i ∈ [n]} : v ∈ supp(π)} respectively. Let rπ = vmax

π /v
min
π be the ratio between the highest and lowest

coordinate-wise maximum valuation in the support ofπ.

Proposition 1. Let n ∈ N≥1, and letπ be a probability distribution onRn. For the unit supply case there exists a
sequential posted price mechanism that, when run on instance(n, π, 1), extracts in expectation at least anΩ(1/ log(rπ))
fraction of the expected revenue of the expected optimal social welfare (and therefore also of the expected revenue of
the optimal dominant strategy IC and ex-post IR auction).
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Proof. The proof use a standard bucketing trick (see, e.g., Babaioff et al. [2007]). Specifically, letM be the sequential
posted price mechanism that draws a valuep uniformly at random from the setS = {vmin

π 2k : k ∈ [⌈log(rπ) − 1⌉] ∪ {0}}.
M offers pricep to all the bidders in an arbitrary order, until a bidder accepts.

Let πmax be the probability distribution of the coordinate-wise maximum of π. Note that|S| does not exceed
log(rmax

π ). Therefore the probability thatp is the highest possible value (among the values inS) that does not exceed
the value drawn fromπmax, is equal to 1/ log(rπ). More formally, letπS be the probability distribution from whichp is
drawn; then

Prvmax∼πmax,p∼πS [p ≤ vmax∩ (∄p′ ∈ S : p′ > p∧ p′ ≤ vmax)] ≤
1

log(rπ)
.

Thus, with probability 1/ log(rπ), the mechanism generates a revenue of exactlyvmin
π 2k, wherek is the number such

that the value drawn fromπmax lies in betweenvmin
π 2k andvmin

π 2k+1. This implies that with probability 1/ log(rπ) the
mechanism generates a revenue that lies a factor of at most 1/2 away from the optimal social welfareOPT(~v) (i.e., the
coordinate-wise maximum valuation):

E~v∼π[revenue ofM(~v)] ≥ 1
log(rπ)

1
2

E~v∼π[OPT(~v)] ≥ 1
2 log(rπ)

E~v∼π[OPT(~v)]. �

This result can be generalized to yield revenue bounds for the case ofk-limited supply, wherek > 1. We prove a
more general variant of the above in Appendix B.

The above result does not always guarantee a good revenue; for example in the extreme case wherevmin
π = 0.

However, it is straightforward to generalize the above theorem such that it becomes useful for a much bigger family
of probability distributions: let ˆv andv̌ be two any two values in the support ofπmax, and letc(v̂, v̌) = Prvmax∼πmax[ v̌ ≤
vmax ≤ v̂]. Then by replacing the valuesvmax

π andvmin
π in the above proof by respectively ˆv andv̌, we obtain a sequential

posted price mechanism that extracts in expectation ac(v̂, v̌)/(2 log(v̂/v̌)) fraction of the optimal social welfare. By
choosing ˆv and v̌ such that this ratio is maximized, we obtain a mechanism thatextracts a significant fraction of the
optimal social welfare in any setting where the valuation distribution of a buyer is concentrated in a relatively not too
large interval.

A better result can be given for the unlimited supply case.

Definition 7. For a valuation distributionπ on Rn and any i∈ [n], let vmax
π,i and vmin

π,i be max{vi : ~v ∈ supp(π)} and
min{vi : ~v ∈ supp(π)} respectively. Let rπ,i = vmax

π,i /v
min
π,i , be the ratio between the highest and lowest valuation of buyer i

in the support ofπ.

Proposition 2. Let n ∈ N≥1, and letπ be a probability distribution onRn. There exists a sequential posted price
mechanism that, when run on instance(n, π, n), extracts in expectation at least anΩ(1/ log(max{rπ,i : i ∈ [n]})) fraction
of the expected revenue of the expected optimal social welfare (and therefore also the expected revenue of the optimal
dominant strategy IC and ex-post IR mechanism).

The proof (found in Appendix E.1) applies similar techniques as is done in the proof of Proposition 1. The
techniques used for proving these results can be applied to improve the approximation guarantees for the more general
k-limited supply setting, for anyk ∈ [n], under special conditions. We give an example of such a result in Appendix B.

Clearly, the stated bound ofO(1/ log(max{rπ,i : i ∈ [n]})) is very crude. For most practical settings we expect that
it is possible to do a much sharper revenue analysis of the mechanisms in the proofs of the above propositions, by
taking the particular valuation distribution into account. Moreover, as suggested above, also for the unlimited supply
case it is possible to tweak the mechanism in a straightforward way in order to achieve a good revenue in cases where
the ratiosrπ,i are very large. Finally, note that the mechanisms in the proofs of these two propositions do not take
into account any dependence and correlation among the valuations of the buyers. When provided with a particular
valuation distribution, a better revenue and sharper analysis may be obtained by taking such dependence into account,
and adapting the mechanisms accordingly.

4 Enhanced sequential posted price mechanisms

The negative results on sequential posted price mechanismssuggest that it is necessary for a mechanism to have a
means to retrieve the valuations of some of the buyers in order to improve the revenue performance. We accordingly
propose a generalization of sequential posted price mechanisms, in such a way that they possess the ability to retrieve
valuations of some buyers.
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Definition 8. An enhanced sequential posted price mechanismfor an instance(n, π, k) is a mechanism that can be
implemented by iteratively selecting a buyer i∈ [n] that has not been selected in a previous iteration, and performing
exactly one of the following actions on buyer i:

• Propose service at price pi to buyer i, which the buyer may accept or reject. If i accepts,he gets the service and
pays pi , resulting in a utility ofvi − pi for i. If i rejects, he pays nothing and does not get the service, resulting
in a utility of 0 for i.

• Ask i for his valuation (in which case the buyer pays nothing and does not get service).

Randomization is allowed.

This generalization is still dominant strategy IC and ex-post IR (that is, the revelation principle allows us to convert
them to dominant strategy IC, ex-post IR direct revelation mechanisms). Indeed, for enhanced sequential posted price
mechanisms, when a buyer gets asked his valuation, he has no incentive to lie, because in this case he does not get
service and he pays nothing4.

Next we analyze the revenue performance of enhanced sequential posted price mechanisms. For this class of
mechanisms we prove that, it is unfortunately still the casethat no constant fraction of the optimal revenue can be
extracted. Specifically, the next section establishes anO(1/n) bound for enhanced sequential posted price mechanisms.
However, enhanced sequential posted price mechanisms turnout to be more powerful than the standard sequential
posted price. Indeed, contrary to what we had for the former ones, the enhanced mechanisms can be shown to extract
a fraction of the optimal revenue that is independent of the valuation distribution. More precisely, theO(1/n) bound
turns out to be asymptotically tight. Our main positive result for enhanced sequential posted price mechanisms is that
when dependence of the valuation among the buyers is limited, then a constant fraction of the optimal revenue can
be extracted. Specifically, in Section 4.3 we define the concept of d-dimensional dependence and prove that for an
instance (n, π, k) whereπ is d-dimensionally dependent, there exists an enhanced sequential posted price mechanism
that extracts anΩ(1/d) fraction of the optimal revenue. (This result implies the claimedΩ(1/n) bound by taking
d = (n− 1).)

It is natural to identify the basic reason(s) why, in the caseof general correlated distributions, standard and en-
hanced sequential posted price mechanisms fail to achieve aconstant approximation of the optimum revenue. There
are two main limitations of (enhanced) sequential posted price mechanisms; namely, 1) such mechanisms do not solicit
bids or values from all buyers, and 2) such mechanisms award items in a sequential manner. Although it is crucial
to retrieve the valuation ofall (but one of the) buyers, we now show, in contrast to previously known approximation
results, that it is possible to achieve a constant fraction of the optimum revenue by a mechanism that allocates items
sequentially, and moreover, in an on-line manner. Specifically, we consider the following superclass of the enhanced
sequential posted price mechanisms.

Definition 9. Let (n, π, k) be an instance and let M be a mechanism for that instance. Mechanism M is ablind offer
mechanismiff it can be implemented as follows. Let~b be the submitted bid vector:

1. Terminate if~b < supp(π).

2. Either terminate or select a buyer i from the set of buyers that have not yet been selected, such that the choice
of i does not depend on~b.

3. Propose buyer i to offer service at price pi , where pi is drawn from a probability distribution that depends only
onπi,~b−i

(hence the distribution where pi is drawn from is determined by~b−i and in particular it does not depend
on bi).

4. Go to step2 if there is supply left, i.e., if the number of buyers who haveaccepted offers does not exceed k.

Randomization is allowed.

Remark1. The price offered to a buyer is entirely determined by the valuations of the remaining buyers, and is
independent of what is reported by buyeri himself. Also the iteration in which a buyer is picked cannotbe influenced
by his bid. Nonetheless, blind offer mechanisms are in general not incentive compatible due tothe fact that a bidder

4A problematic aspect is that while there is no incentive to a buyer to lie, there is also no incentive to tell the truth. Thisproblem is addressed in
Appendix C
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may be incentivized to misreport his bid in order to increasethe probability of supply not running out before he is
picked. However, blind offer mechanisms can easily be made incentive compatible as follows: letM be a non-IC blind
offer mechanism, let~b be a bid vector and letzi(~b) be the probability thatM picks bidderi before supply has run out.
When a bidder is picked, we adaptM by skippingthat bidder with a probabilitypi(~b) that is chosen in a way such that
zi(~b)pi(~b) = min{zi(bi

~b−i) : bi ∈ supp(πi)}. This is a blind offer mechanism in which buyeri has no incentive to lie,
because now the probability thati is made an offer is independent of his bid. Doing this iteratively for all buyers yields
a dominant strategy IC mechanismM′. Note that the act ofskippinga bidder can be implemented by offering a price
that is so high that a bidder will never accept it, thusM′ is still a blind offer mechanism. Moreover, if the probability
that any bidder inM is made an offer is lower bounded by a constantc, then inM′ the probability that any bidder is
offered a price is at leastc. We apply this principle in the proof of Theorem 4 below in order to obtain a dominant
strategy IC mechanism with a constant factor revenue performance5.

It is well known under the name of thetaxation principlethat a mechanism is dominant strategy IC if and only
if it can be implemented by an algorithm that works as follows: (i) the buyers aresimultaneouslypresented with a
payment that does not depend on their own bid; (ii) the items are allocated to the buyers for which the profit, i.e.,
the difference between the bid and the price, is maximized. This algorithm closely resembles the description of blind
offer mechanisms. However, we would like to emphasize that there are some significant differences. First, using the
taxation principle, prices are set in advance of offering service, whereas in blind offer mechanisms prices are presented
sequentially, thus the price offered to thei-th buyer can depend on the decisions taken by the previous buyers. Second,
using the taxation principle the winners are chosen at the end, whereas in blind offer mechanisms the winners are
decided on-line, so that it is possible that items are allocated to buyers without maximizing the profit. Hence, there are
dominant strategy mechanisms cannot be implemented as blind offer mechanisms.

A blind offer mechanisms preserves the same conceptually simple structure as standard and enhanced posted
price mechanisms, but it bases its proposal to a buyeri on the set ofall valuations other than that ofi, whereas an
ESPP mechanism bases its proposal to a buyeri only on the valuations that have beenrevealedby buyers inprevious
iterations. This increases the power of blind offer mechanisms: for example, it is not hard to see that the classical
Myerson mechanism for theindependentsingle-item setting belongs to the class of blind offer mechanisms. Thus
blind offer mechanisms are optimal when buyers’ valuations are independent. We will prove next that, even when
buyer valuations arecorrelated, blind offer mechanisms can always extract a constant fraction of the optimal revenue,
even for the ex-post IC, ex-post IR solution concept. For correlated valuation distributions, other mechanisms that
achieve a constant approximation to the optimal revenue have been defined by Ronen [2001], and then by Chawla et al.
[2014] and Dobzinski et al. [2011]. However, these mechanisms, as in the taxation principle setting, allocate the items
to profit-maximizing buyers. Thus, they are different from blind offer mechanisms in which the allocation is on-line.

4.1 Limitations of enhanced sequential posted price mechanisms

Here we show that enhanced sequential posted price mechanisms cannot extract a constant fraction of the expected
revenue of the optimal dominant strategy IC, ex-post IR mechanisms. This is done by constructing a family of instances
on which no enhanced sequential posted price mechanism can perform well.

Theorem 3. For all n ∈ N≥2, there exists an valuation distributionπ such that for all k∈ [n] there does not exist
a enhanced sequential posted price mechanism for instance(n, π, k) that extracts more than a O(1/n) fraction of the
expected revenue of the optimal dominant strategy IC, ex-post IR mechanism.

Proof. We prove this for the case ofk = n. The proof is easy to adapt for differentk.
Let n ∈ N and m = 2n. We prove this claim by specifying an instanceIn with n buyers, and proving that

limn→0 RM(In)/OR(In) = 0, whereRM(In) denotes the largest expected revenue achievable by any enhanced sequential
posted price mechanism onIn, andOR(In) denotes the largest expected revenue achievable by a dominant strategy IC,
ex-post IR mechanism.

In is defined as follows. Letǫ ∈ R>0 be a number smaller than 1/nm2. The valuation distributionπ is the one
induced by the following process: (i) Draw a buyeri⋆ from the set [n] uniformly at random; (ii) Draw numbers

5More precisely, for the particular (non-truthful) blind offer mechanism that we propose and analyze in section 4.2, it will turn out that applying
the transformation described here does not result in any additional loss in revenue.
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{c j : j ∈ [n] \ {i⋆}} independently from [m] uniformly at random; (iii) For allj ∈ [n] \ {i⋆}, setv j = c jǫ; (iv) Set

vi⋆ =
1

(

∑

j∈[n]\{i⋆} c j

)

modm
+ 1
. (2)

Observe that for this distribution it holds that for alli ∈ [n], the valuationvi is uniquely determined by the valuations
(v j) j∈[n]\{i}. The optimal (direct revelation) mechanism can therefore extract the total optimal social welfare as its
revenue, as follows: it provides service to every buyer, andsets the payment as follows. Letbi be the bid, i.e., the
reported valuation, of buyeri. Then,

• if b j < 1/m for all j ∈ [n] \ {i}, chargei a price of 1/
((

∑

j∈[n]\{i} b j/ǫ
)

modm
+ 1

)

;

• otherwise, if there is a buyerj ∈ [n]\{i} and a numberci ∈ [m] such thatb j = 1/
((

ci +
∑

ℓ∈[n]\{i, j} bℓ/ǫ
)

modm
+ 1

)

,

then chargei the priceciǫ;

• otherwise, the mechanism chargesi an arbitrary price.

This mechanism is dominant strategy IC because the mechanism’s decision to provide service to a buyer does not
depend on his bid, and the price that a buyer is charged is not dependent on his own bid. This mechanism is ex-post
IR because bidding truthfully always gives the buyer a utility of 0. This mechanism achieves a revenue equal to the
optimal social welfare because (by definition of the pricingrule) the price that a buyer is charged is equal to the
valuation of that buyer, if all buyers bid truthfully. Also,note that the third bullet in the above specification of the
mechanism will not occur when the buyers bid truthfully, andis only included for the sake of completely specifying
the mechanism.

We argue thatOR(In) = E~v∼π
[

∑

i∈[n] vi
]

=
∑

i∈[n] E~v∼π[vi ] = (n− 1)mǫ/2+ Hm/m, where the last equality follows
because the expected valuation of each of the buyers is ((n− 1)/n)(mǫ/2)+ (1/n)(Hm/m). This in turn holds because a
buyer is elected as buyeri⋆ with probability 1/n, and buyeri⋆’s marginal distribution is the distributionπ′ induced by
drawing a value from the set{1/a: a ∈ [m]} uniformly at random. The latter distribution has already been encountered
in the beginning of Section 3.1, where we concluded that its expected value isHm/m.

We now proceed to prove an upper bound onRM(In). Let M be an arbitrary enhanced posted price mechanism.
BecauseM is randomized, runningM on In can be viewed as a probability distribution on a sample spaceof determin-
istic enhanced posted price mechanisms that are run onIn. We analyze the revenue of the mechanism conditioned on
three disjoint events that form a partition of this sample space. Consider first the eventE1 that buyeri⋆ gets asked for
his valuation (when runningM on In). Conditioned on this event, the mechanism does not attain arevenue of more
than (n− 1)mǫ because the revenue of each buyer in [n] \ {i⋆} is at mostmǫ.

Consider next the eventE2 where buyeri⋆ does not get asked for his valuation and buyeri⋆ is not the last buyer that
is selected. Then a pricepi⋆ is proposed toi⋆. Without loss of generality,M drawspi⋆ from a probability distribution
Pi⋆ with finite support, and the choice of distributionPi⋆ depends on the sequenceS of buyers queried prior toi⋆

together with the responses of the buyers inS. These responses take the form of a reported valuation in case a buyer in
S is asked to report his valuation, and the form of an accept/reject decision otherwise. Becausei⋆ is not the last buyer
selected, [n] \ (S ∪ {i⋆}) is non-empty, and there exists a buyerj ∈ [n] \ (S ∪ {i⋆}) such that the choice ofPi⋆ does not
depend onc j . By the fact thatc j is drawn independently and uniformly at random from [m] for all j ∈ [n] \ (S ∪ {i⋆})
and by (2), the marginal probability distribution of the valuation of buyeri⋆ conditioned onE2, isπ′ (which we defined
above). Therefore

Epi⋆∼Pi⋆ ,~v∼π[pi⋆Pr[vi⋆ ≤ pi⋆ ]] = Epi⋆∼Pi⋆ ,~v∼π′ [pi⋆Pr[vi⋆ ≤ pi⋆ ]] =
1
m
,

where the last equality follows from (1). Thus, the expectedrevenue ofM conditioned onE2 is at most 1/m+(n−1)mǫ.
In the eventE3, the mechanism selectsi⋆ last. The expected revenue ofM conditioned on this event is at most the

expected maximum social welfare: (n− 1)mǫ/2+ Hm/m. The probability of eventE3 occurring is 1/n, because of the
following. Forℓ ∈ [n], let Eℓ3 be the event thati⋆ is not theℓ-th buyer selected byM, and letE<ℓ3 be the event thati⋆ is
not among the firstℓ − 1 buyers selected byM. Note that this means thatPr[E<1

3 ] = 1. Then,

Pr[E3] = Pr[E<n
3 ] = Pr[En−1

3 | E<n−1
3 ]Pr[E<n−1

3 ] =
∏

ℓ∈[n−1]

Pr[Eℓ3 | E
<ℓ
3 ].
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For everyℓ ∈ [n−1], and every setS of ℓ−1 buyers, it holds that ifi⋆ < S andM selectsS as the firstℓ−1 buyers, the
probability of selecting buyeri⋆ as theℓ-th buyer is 1/(n− (ℓ − 1)), by the definition ofπ (particularly because buyer
i⋆ is a buyer picked uniformly at random). Therefore,

Pr[E3] = Pr[E<n
3 ] =

∏

ℓ∈[n−1]

(

1− 1
n− (ℓ − 1)

)

=
∏

ℓ∈[n−1]

n− ℓ
n− ℓ + 1

=
1
n
.

Thus, we obtain the following upper bound onRM(In):

RM(In) ≤ Pr[E1](n− 1)mǫ + Pr[E2]

(

1
m
+ (n− 1)mǫ

)

+
1
n

(

(n− 1)mǫ
2

+
Hm

m

)

≤ 1
m
+ 2(n− 1)mǫ +

mǫ
2
+

Hm

mn
≤ 3(n− 1)mǫ +

Hm

mn
+

1
m
.

This leads us to conclude that

RM(In)
OR(In)

≤ 3nmǫ + Hm/mn+ 1/m
Hm/m

=
3nm2ǫ + Hm/n+ 1

Hm
≤ Hm/n+ 4

Hm
=

1
n
+

4
H2n
∈ O

(

1
n

)

. �

4.2 Revenue guarantees for blind offer mechanisms

We prove in this section that blind offer mechanisms can always extract a constant fraction of the optimal revenue,
without making any assumptions on the valuation distribution. Specifically we prove the following theorem.

Theorem 4. For every instance(n, π, k), there is a dominant strategy IC blind offer mechanism for which the expected
revenue is at least a(2−

√
e)/4 ≈ 0.088fraction of the maximum expected revenue that can be extracted by an ex-post

IC, ex-post IR mechanism. Moreover, if k= n, then there is a blind offer mechanism for which the expected revenue
equals the full maximum expected revenue that can be extracted by an ex-post IC, ex-post IR mechanism.

We need to establish some intermediate results in order to build up to a proof for the above theorem. First, we
derive an upper bound on the revenue of the optimal ex-post IC, ex-post IR mechanism. For a given instance (n, π, k),
consider the linear program with variables (yi(~v))i∈[n],~v∈supp(π) where the objective is

max
∑

i∈[n]

∑

~v−i∈supp(π−i )

π−i(~v−i)
∑

vi∈supp(πi,~v−i
)

Prv′i∼πi,~v−i
[v′i ≥ vi ]viyi(vi ,~v−i) (3)

subject to the constraints

∀i ∈ [n],~v−i ∈ supp(π−i) :
∑

vi∈supp(πi,~v−i
)

yi(~v) ≤ 1, (4)

∀~v ∈ supp(π) :
∑

i∈[n]

∑

v′i∈supp(πi,~v−i
) : v′i≤vi

yi(v′i ,~v−i) ≤ k, (5)

∀i ∈ [n],~v ∈ supp(π) : yi(~v) ≥ 0. (6)

The next lemma states that the solution to this linear program forms an upper bound on the revenue of the optimal
mechanism, and that the solution to the above linear programis integral in casek = n.

Lemma 1. For any instance(n, π, k), the linear program (3-6) upper bounds the maximum expectedrevenue achievable
by an ex-post IC, ex-post IR mechanism. Moreover, when k= n the optimal solution to (3–6) is to setyi(vi,~v−i) to 1 for
the valuevi that maximizesviPrv′i∼πi,~v−i

[v′i ≥ vi] (for all i ∈ [n],~v ∈ supp(π)).

Proof sketch.Integrality fork = n is the easiest to prove among these two claims, so we do that first. Note that in
casek = n, we can safely remove the constraints (5) from the linear program, because whenk = n these constraints
are implied by (4) and (6). The linear program that remains tells us how to optimize a sum of convex combinations of
values. That is, it effectively tells us to pick for eachi ∈ [n] and~v−i ∈ supp(π−i) a convex combination of the values
{viPrv′i∼πi,~v−i

[v′i ≥ vi ]}v′i∈supp(πi,~v−i
). The optimal solution is therefore to put weight 1 on the maximum values in these sets,

i.e., to setyi(vi ,~v−i) to 1 for the valuevi that maximizesviPrv′i∼πi,~v−i
[v′i ≥ vi ].
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To prove the first of the two claims in the lemma, we first prove that a monotonicity constraint holds on the set of
possible allocations that a ex-post IC, ex-post IR mechanism can output. Moreover, we show that the prices charged
by the mechanism cannot exceed a certain upper bound given interms of allocation probabilities. Then, we formulate
a linear program whose optimal value equals the revenue of the optimal ex-post IC, ex-post IR mechanism. We finally
rewrite the latter linear program into (3–6). This proof relies on the approach introduced in [Gupta and Nagarajan,
2013, Section 4.2]. �

We can now proceed to prove our main result about blind offer mechanisms. We first handle the case of unlimited
supply. Consider the following blind offer mechanism.

Definition 10. Consider an instance(n, π, n). For i ∈ [n] and~v−i ∈ supp(π−i), fix p̂i,~v−i
to be any value in the set

argp max{pPrvi∼πi,~v−i
[p ≤ vi ] : p ∈ R}. Define Mn

π to be be the following blind offer mechanism for allocating service to
n buyers when the valuations of these buyers are drawn fromπ.

Let ~b be the submitted vector of bids. For i∈ [n], if ~b−i ∈ supp(π−i) and bi ≥ p̂i,~b−i
, then Mn

π gives service to i
and charges i the pricêpi,~b−i

. If bi < p̂i,~b−i
, then the price charged to i is 0, and i is not given service. Otherwise, if

~b−i < supp(π−i), the price charged to i is0 and i is not allocated service.

Lemma 2. For instance(n, π, n), mechanism Mnπ extracts the maximum revenue among the class of ex-post IC, ex-post
IR mechanisms.

Proof. Denote bypi(~v) the price charged to buyeri ∈ [n] when the buyers have valuation vector~v ∈ supp(π). We can
write the expected revenue ofMn

π as follows:

E~v∼π

















∑

i∈[n]

pi(~v)

















=
∑

i∈[n]

E~v∼π[pi(~v)] =
∑

i∈[n]

∑

~v∈supp(π)

π(~v)pi(~v)

=
∑

i∈[n]

∑

~v−i∈supp(π−i )

π−i(~v−i)Prvi∼πi,~v−i
[vi ≥ p̂i,~v−i

] p̂i,~v−i
.

Lastly, by Lemma 1 and the objective function (3) of the linear program, we conclude that the latter expression is equal
to the solution of the linear program, which is an upper boundon the optimal revenue among all ex-post IC, ex-post
IR mechanisms by Theorem 1. �

For the case ofk-limited supply wherek < n, things are somewhat more complicated. Indeed, there does not
seem to exist a blind offer mechanism as simple and elegant asMn

π. However, we are still able to define a blind offer
mechanism that extracts a constant fraction of the optimal revenue.

Definition 11. Let (n, π, k) be an arbitrary instance. Let(y∗i (~v))i∈[n] be the optimal solution to the linear program (3–6)
corresponding to this instance.

Let Mk
π be the blind offer mechanism that does the following: let~v be the vector of submitted valuations. Iterate

over the set of buyers such that in iteration i, buyer i is picked. In iteration i, select one of the following options: offer
service to buyer i at a price p for which it holds thaty∗i (p, ~b−i) > 0, or skip buyer i. The probabilities with which

these options are chosen are as follows: price p is offered with probabilityy∗i (p, ~b−i)/2, and buyer i is skipped with

probability 1 −
∑

p′∈supp(πi,~b−i
) y
∗
i (p, ~b−i)/2. The mechanism terminates once k buyers have accepted an offer, or when

iteration n+ 1 is reached.

Lemma 3. On instance(n, π, k), the expected revenue of blind offer mechanism Mkπ is at least a(2−
√

e)/4 ≈ 0.088
fraction of the expected revenue of the optimal ex-post IC, ex-post IR mechanism. Moreover, there exists adominant
strategy ICblind offer mechanism of which the expected revenue is at least a(2 −

√
e)/4 ≈ 0.088 fraction of the

expected revenue of the optimal ex-post IC, ex-post IR mechanism.

Proof sketch.We will show that the expected revenue ofMk
π is at least

2−
√

e
4

∑

i∈[n]

∑

~v−i∈supp(π−i )

π−i(~v−i)
∑

vi∈supp(πi,~v−i
)

Prv′i∼πi,~v−i
[v′i ≥ vi ]viy

∗
i (vi ,~v−i),
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which, by Lemma 1 and the LP objective function (3), is a (2−
√

e)/4 fraction of the expected revenue of the optimal
ex-post IC, ex-post IR mechanism.

For a vector of valuations~v ∈ supp(π) and a buyeri ∈ [n], denote byDi,~v−i
the probability distribution from which

mechanismMk
π(~v) draws a price that is offered to buyeri, in case iterationi ∈ [n] is reached (as described in Definition

11). We letV be a number that exceeds max{vi : i ∈ [n],~v ∈ supp(π)} and represent byV the option whereMk
π(~v)

chooses to skip buyeri, so thatDi,~v−i
is a probability distribution on the set{V} ∪ {vi : y∗i (vi ,~v−i) > 0}. Then,

E~v∼π[revenue ofMk
π(~v)] ≥

∑

i∈[n]

∑

~v∈supp(π)

π(~v)
∑

pi∈supp(Di,~v−i
)

: pi≤vi

piy
∗
i (pi ,~v−i)

2
Pr∀i :pi∼Di,~v−i

[|{ j ∈ [n− 1] : p j ≤ v j}| < k]. (7)

Then, by applying a Chernoff bound, we can prove that

Pr∀i :pi∼Di,~v−i
[|{ j ∈ [n− 1] : p j ≤ v j}| < k] ≥ 1−

(e
4

)k/2
≥ 1−

(e
4

)1/2
=

2−
√

e
2
. (8)

The first of the two claims of Theorem 3 follows by combining (7) and (8). For the second claim, note that (8) gives
a lower bound of (2−

√
e)/2 on the probability that all players get selected by the mechanism. Therefore, we can

combine (8) with the principle explained in Remark 1 that allows us to transformMk
π into a dominant strategy IC blind

offer mechanism. The second claim follows by observing that (7)still holds for the transformed mechanism. �

Theorem 4 now follows by combining Lemmas 2 and 3. We note thatthe approximation factor of the theorem is
certainly not tight and can be improved with additional work. For example, it is possible to show that fork = 1 the
revenue ofMk

π is in fact at least 1/4 of the optimal revenue. Moreover, recall that mechanismMk
π works by scaling the

probabilitiesyi(~v) down by 1/2. By making this scaling factor dependent onk and choosing it appropriately, we can
improve the approximation factor further. We emphasize that the focus and purpose of the above result is merely to
show that a constant factor of the optimal revenue (independent of the supplyk) is achievable.

4.3 Revenue guarantees for enhanced sequential posted price mechanisms

Finally, in this section we evaluate the revenue guaranteesof the enhanced sequential posted price mechanisms in the
presence of a form of limited dependence that we will calld-dimensional dependence, for d ∈ N. These are probability
distributions for which it holds that the valuation distribution of a buyer conditioned on the valuations of the rest of
the buyers can be retrieved by only looking at the valuationsof a certain subset ofd buyers. Formally, we have the
following definition.

Definition 12. A probability distributionπ on Rn is d-dimensionally dependentiff for all i ∈ [n] there is a subset
Si ⊆ [n] \ {i}, |Si | = d, such that for all~v−i ∈ supp(π−i) it holds thatπi,~vSi

= πi,~v−i
.

Note that ifd = 0, thenπ is a product ofn independent probability distributions onR. On the other hand, the set
of (n− 1)-dimensionally dependent probability distributions onRn equals the set of all probability distributions onRn.
This notion is useful in practice for settings where it is expected that a buyer’s valuation distribution has a reasonably
close relationship with the valuation of a few other buyers.As an example of one of these practical settings consider
the case that there is a true valuationv for the item, an expert that keeps this valuation, and remaining buyers whose
valuation is influenced by independent noise. It is then sufficient to know the valuation of a single buyer, namely the
expert, in order to retrieve the exact conditional distribution of any other buyer. We would like to stress that in order to
make this distribution 1-dimensional dependent, it is sufficient that such an expert exists, even if auctioneer does not
know which buyer is the expert. Moreover, our definition of dimensional dependence is quite inclusive; for example,
in the example above, even if each bidder picks their own expert and adds noise to the valuation of their expert, the
distribution would remain 1-dimensionally dependent.

In general,d-dimensional dependence is relevant to many practical settings in which it is not necessary to have
complete information about the valuations of all the other buyers in order to say something useful about the valuation
of a particular buyer. This rules out the extreme kind of dependence defined in the proof of Theorem 3; there the
distributions are not (n−2)-dimensionally dependent, because for each buyeri it holds that the valuations of all buyers
[n] \ {i} are necessary in order to extract the valuation distribution of i conditioned on the others’ valuations.

It is important to realize that the class ofd-dimensional dependent distributions is a strict supersetof the class of
Markov random fields of degree d. A Markov random field of degreed is a popular model to capture the notion of
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limited dependence, and for that model a more straightforward procedure than the one in the proof below exists for
obtaining the same revenue guarantee. However, the notion of d-dimensional dependence is both more natural (for
our setting) and much more general. In fact, we show in Appendix D that there exist distributions onRn that are
1-dimensionally dependent, but are not a Markov random fieldof degree less thann/2.

In a sense, our definition ofd-dimensional dependence resembles the limited dependencecondition under which
theLovasz Local Lemmaholds.

The main result that we will prove in this section is the following.

Theorem 5. For every instance(n, π, k) whereπ is d dimensionally dependent, there exists an enhanced sequential
posted price mechanism of which the expected revenue is at least a(2−

√
e)/(16d) ≥ 1/(46d) ∈ Ω(1/d) fraction of

the maximum expected revenue that can be extracted by an ex-post IC, ex-post IR mechanism. Moreover, if k= n, then
there exists an enhanced posted price mechanism of which theexpected revenue is at least a1/(4d) fraction of the
maximum expected revenue that can be extracted by an ex-postIC, ex-post IR mechanism.

A corollary of this theorem is that the bound of Theorem 3 is asymptotically tight.

Corollary 1. For every instance(n, π, k) there exists an enhanced sequential posted price mechanismof which the
expected revenue is at least aΩ(1/n) fraction of the maximum expected revenue that can be extracted by an ex-post
IC, ex-post IR mechanism.

For proving our main result on enhanced sequential posted price mechanisms, we make use of our insights about
blind offer mechanisms. The next lemma shows how we can convert blind offer mechanisms into enhanced sequen-
tial posted price mechanisms while losing only a factor of 1/4d of the revenue, if the valuation distribution isd-
dimensionally dependent.

Lemma 4. Letα ∈ [0, 1] and let(n, π, k) be an instance whereπ is d-dimensionally dependent. If there exists a blind
offer mechanism that extracts in expectation at least anα fraction of the expected revenue of the optimal dominant
strategy IC, ex-post IR mechanism, then there exists an enhanced sequential posted price mechanism that extracts in
expectation at least aα/max{4d, 1} fraction of the expected revenue of the optimal ex-post IC, ex-post IR mechanism.

Proof. Let M be a blind offer mechanism that extracts in expectation at least anα fraction of the expected revenue of
the optimal dominant-strategy IC, ex-post IR mechanism. Let pM

i (~v) be the expected price paid to mechanismM by
buyeri ∈ [n] when~v are the reported valuations. Letq ∈ [0, 1] and consider the following enhanced sequential posted
price mechanismMq: the mechanismMq first partitions [n] into two setsA andB = [n] \A. It does so by placing each
buyer independently with probabilityq in setA, and placing him in setB otherwise. Then, the mechanism retrieves
the vector~vA by asking the buyers inA for their valuations. The existence ofM implies the existence of a blind offer
mechanismMB that only makes offers to buyers inB such that the expected pricepMB

i (~v) paid toMB by a buyer inB is
at leastpM

i (~v) (this can be achieved by doing the same asM, but refraining from offering to buyers inA). Mechanism
Mq offers each buyeri ∈ B a price that is determined by simulatingMB as follows: make the same decisions asMB

would, except for that an offer of MB is skipped ifπi,~v−i
, πi,~vA.

Let P be the distribution (induced by mechanismMq) on the set of partitions of [n] into 2 sets. Fori ∈ [n], let
Si ⊆ [n] \ {i} be the set ofd buyers such thatπi,~vSi

= πi,~v−i
for all ~v ∈ Rn. ForT ⊆ [n], let pi(T,~v) be the expected price

paid toMq by a buyeri ∈ T, conditioned on the event thatB = T andSi ⊆ A. Note thatpi(T,~v) ≥ pMB
i (~v) ≥ pM

i (~v).
Therefore, the expected revenue ofMq is

∑

~v∈supp(π)

π(~v)
∑

i∈[n]

Pr{A,B}∼P[i ∈ B∩ Si ⊆ A]pi(B,~v) =
∑

~v∈supp(π)

π(~v)
∑

i∈[n]

(1− q)qdpi(B,~v)

≥ (1− q)qd
∑

~v∈supp(π)

π(~v)
∑

i∈[n]

pM
i (~v)

The last (double) summation is at leastα times the expected revenue of the optimal dominant strategyIC, ex post IR
mechanism, by definition ofM. Therefore, this mechanism extracts at least a (1−q)qdα fraction of the optimal revenue.
For d = 0 it is optimal to setq = 0, which results in an enhanced sequential posted price mechanism whose revenue
is α-approximately optimal. Ford = 1 it is optimal to setq = 1/2, which results in a (α/4)-approximately optimal
enhanced sequential posted price mechanism. Ford ≥ 2 settingq = 1− 1/d will achieve the desired approximation
ratio, since limd→∞(1− 1/d)d = 1/e. Moreover, (1− 1/d)d is increasing ind, and equals 1/4 for d = 2. �
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We note that in the above proof it is easy to see that we can decrease the fractionq of buyers being probed for their
valuation at the cost of worsening the approximation guarantee.

Theorem 5 directly follows by combining the lemmas above.

5 Open problems

Besides improving any of the approximation bounds that we established in the present paper, there are many other
interesting further research directions. For example, it would be interesting to investigate the revenue guarantees
under the additional constraint that the sequential postedprice mechanism beorder-oblivious: i.e., the mechanism has
no control over which buyers to pick, and should perform wellfor any possible ordering of the buyers. We are also
interested in resolving some questions regarding the use ofrandomization in our enhanced posted price mechanism
that extractsO(1/d) of the optimal revenue: in the current proof it is necessaryto pick buyers uniformly at random.
Does there exist a deterministic enhanced sequential posted price mechanism that attains the same revenue guarantee,
or is randomness a necessity?

An obvious and interesting research direction is to investigate more general auction problems. In particular, to
what extent can extended SPP mechanisms be applied to auctions having non-identical items? Additionally, can such
mechanisms be applied to more complex allocation constraints or specific valuation functions for the buyers? The
agents may have, for example, a demand of more than one item, or there may be a matroid feasibility constraint on the
set of buyers or on the set of items that may be allocated.
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APPENDIX

A Continuous distribution properties

Let π be a valuation distribution on [0, ai]n, with ai ∈ R≥0 for i ∈ [n], with density f that is continuous and nowhere
zero. Distributionπ is said to satisfyaffiliation iff for every two valuation vectors~v, ~w ∈ supp(π) it holds that f (~v ∧
~w) f (~v∨ ~w) ≥ f (~v) f (~w), where~v∧ ~w is the component-wise minimum and~v ∨ ~w is the component-wise maximum. For
i ∈ [n] and~v−i ∈ supp(π−i) theconditional marginal density function fi(·|~v−i) is defined as

fi(vi | ~v−i) =
f (vi ,~v−i)

∫ a

0
f (t,~v−i)dt

,

theconditional revenue curve Bi(· | ~v−i) is defined as

Bi(vi | ~v−i) = vi

∫ a

vi

fi(t | ~v−i)dt,

and theconditional virtual valueφi(· | ~v−i) is defined as

φi(vi | ~v−i) = −
d

dvi
Bi(vi | ~v−i)

fi(vi | ~v−i)
.

Denote byFi(· | ~v−i) the cumulative distribution function corresponding tofi(· | ~v−i). Distributionπ satisfiesregularity
if φi(· | ~v−i) is non-decreasing for alli ∈ [n] and~v−i ∈ supp(π−i) and it satisfies themonotone hazard ratecondition if
1−Fi (vi |~v−i )

fi(vi |~v−i )
is non-increasing invi for all i ∈ [n] and~v−i ∈ supp(π−i).

A discussion and justification for the above notions is outside of the scope of this paper, and we refer the interested
reader to [Roughgarden and Talgam-Cohen, 2013].

Note that Roughgarden and Talgam-Cohen [2013] proved that for any distributionπ that satisfies regularity and
affiliation the Myerson mechanism is ex-post IC, ex-post IR and optimal among all ex-post IC and ex-post IR mecha-
nisms.

B A sequential posted price mechanism for thek-limited setting

Definition 13. For a valuation distributionπ onRn, let vmax(k)
π andvmin(k)

π be respectively the maximum kth largest and
minimum kth smallest valuation among the valuation vectorsin supp(π). Let r(k)

π = v
max(k)
π /v

min(k)
π be the ratio between

these values.

Theorem 6. Let n∈ N≥1, and letπ be a probability distribution onRn. For any k∈ [n], there exists a sequential posted

price mechanism that, when run on instance(n, π, k), extracts in expectation at least anΩ
(

1
log(r (k)

π )
· v

max(k)
π

v
max(1)
π

)

fraction of

the expected revenue of the expected optimal social welfare(and therefore also of the expected revenue of the optimal
dominant strategy IC, ex-post IR mechanism).

Proof. Let M be the sequential posted price mechanism that draws a valuep uniformly at random from the setS =
{vmin(k)
π 2 j : j ∈ [⌈log(r (k)

π ) − 1⌉] ∪ {0}}. M offers pricep to all the buyers in an arbitrary order, untilk buyers accept.
Let πmax(k) be the probability distribution of thek-th highest value ofπ. Note that|S| does not exceed log(r (k)

π ).
Therefore the probability thatp is the highest possible value (among the values inS) that does not exceed the value
drawn fromπmax(k), is equal to 1/ log(r (k)

π ). More formally, letπS be the probability distribution from whichp is drawn;
then

Prvmax(k)∼πmax(k),p∼πS
[p ≤ vmax(k) ∩ (∄p′ ∈ S : p′ > p∧ p′ ≤ vmax(k))] ≤ 1

log(r (k)
π )
.

Thus, with probability 1/ log(r (k)
π ), the mechanism extracts from each winner a revenue of exactly vmin(k)

π 2 j, where j
is the number such that the value drawn fromπmax(k) lies in betweenvmin(k)

π 2 j andvmin(k)
π 2 j+1. This implies that with
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probability 1/ log(r (k)
π ) the mechanism extracts from buyeri a revenue that lies a factor ofO

(

v
max(k)
π

v
max(1)
π

)

away fromvmax(1)
π .

This leads to the conclusion that

E~v∼π[revenue ofM(~v)] ≥ Ω












1

log(r (k)
π )
· v

max(k)
π

v
max(1)
π













∑

i∈WM

vmax(1)
π ,

whereWM denotes the set of buyers for which the mechanismM allocates the service. The theorem then follows
since

∑

i∈WM
v

max(1)
π =

∑

i∈WOPT
v

max(1)
π ≥ OPT =

∑

i∈WOPT
vi , whereWOPT denotes the set of buyers at which the optimal

mechanism allocates the service, andOPT is the social welfare achieved by the optimal mechanism. �

We say that an instance (n, π, k) is k-well-separatedif for any ~v ∈ supp(π) the k-th coordinate-wise maximum
vmax(k)
π is achieved only by a single buyer, i.e., the set{i : vi = vmax(k)

π ,~v ∈ supp(π)} is a singleton. Then we can prove
the following proposition.

Proposition 3. Let n ∈ N≥1, and letπ be a discrete probability distribution onRn. For any k∈ [n], if the instance
(n, π, k) is k-well-separated, then there exists a sequential posted price mechanism that, when run on instance(n, π, k),

extracts in expectation at least anΩ
(

1
log(r (k)

π )
·maxi∈[n] log v

max(k)
π

vmax
π,i

)

fraction of the expected optimal social welfare (and

therefore also of the expected revenue of the optimal dominant strategy IC and ex-post IR mechanism).

Proof. Sinceπ is discrete, letδ be the smallest ratio larger than 1 between two valuation in~v ∈ supp(π), i.e., δ =
mini, j{vi/v j > 1: ~v ∈ supp(π)}. Considerǫ ≤ δ and letM be the sequential posted price mechanism that draws a value
p uniformly at random from the setS = {vmin(k)

π ǫ j : j ∈ [⌈logǫ (r
(k)
π ) − 1⌉] ∪ {0}}. Moreover,M draws for eachi ∈ [n]

a valuepi uniformly at random from the setSi = {vmin
π,i ǫ

ℓ : ℓ ∈ [⌊logǫ
p
vmin
π,i
⌋, ⌈logǫ

p
vmin
π,i
− 1⌉]}. M proposes prices to the

buyers in an arbitrary order, and offers pricepi to buyeri.
Let πmax(k) be the probability distribution of thek-th coordinate-wise maximum ofπ. Note that|S| does not exceed

logǫ(r
(k)
π ). Therefore the probability thatp is the highest possible value (among the values inS) that does not exceed

the value drawn fromπmax(k), is equal to 1/ logǫ (r
(k)
π ). More formally, letπS be the probability distribution from which

p is drawn; then

Prvmax(k)∼πmax(k),p∼πS
[p ≤ vmax(k) ∩ (∄p′ ∈ S : p′ > p∧ p′ ≤ vmax(k))] ≤ 1

logǫ (r
(k)
π )
.

Thus, with probability 1/ logǫ(r
(k)
π ), the mechanism selectsp = vmin(k)

π ǫ j , where j is the number such that the value
drawn fromπmax(k) lies in betweenvmin(k)

π ǫ j and vmin(k)
π ǫ j+1. When this event occurs, since the instance isk-well

separated and by our choice ofǫ, the setWM of buyers whose valuation is at leastp has size exactlyk and corresponds
of the setWOPT of buyers with thek highest valuation in~v ∈ supp(π). Hence, with probability 1/ logǫ(r

(k)
π ) the

mechanismM extracts revenue only from buyers inWOPT.
Now, for anyi ∈ WOPT, let πi be the probability distribution of thei-th coordinate ofπ. Note that|Si | does not

exceed logǫ
vmax
π,i

v
max(k)
π

. Therefore the probability thatpi is the highest possible value (among the values inSi) that does not

exceed the value drawn fromπi , is at least logǫ
v
max(k)
π

vmax
π,i

. More formally, letπSi be the uniform distribution onS; then

Prvi∼πi ,pi∼πSi
[pi ≤ vi ∩ (∄p′i ∈ Si : p′i > pi ∧ p′i ≤ vi)] ≤ logǫ

vmax(k)
π

vmax
π,i

.

Thus, with probability 1
logǫ (r

(k)
π )
· logǫ

v
max(k)
π

vmax
π,i

, the mechanism extracts from buyeri ∈ WOPT a revenue of exactlyvi,min2ℓ,

whereℓ is the number such that the value drawn fromπi lies in betweenvi,min2ℓ andvi,min2ℓ+1. This implies that with

probability 1
logǫ (r

(k)
π )
· logǫ

v
max(k)
π

vmax
π,i

the mechanism extracts from buyeri ∈WOPT a revenue that lies a factor of at most 1/2

away fromvi . This leads to the conclusion that

E~v∼π[revenue ofM(~v)] ≥
∑

i∈WOPT

1

logǫ (r
(k)
π )
· logǫ

v
max(k)
π

vmax
π,i

1
2

Evi∼πi [vi]

23



= Ω













1

log(r (k)
π )
·max

i∈[n]
log
v

max(k)
π

vmax
π,i













∑

i∈[n]

Evi∼πi [vi ]

= Ω













1

log(r (k)
π )
·max

i∈[n]
log
vmax(k)
π

vmax
π,i













E~v∼π[OPT(~v)],

whereOPT(~v) =
∑

i∈WOPT
vi denotes the optimal social welfare when the buyers have valuation vectorv. �

C Addressing some practical problems of enhanced sequential posted price
mechanisms

The first problematic aspect is that while there is no incentive for a buyer to lie, there is also no incentive to tell the
truth. Therefore, incentive compatibility is only achieved in weakly dominant strategies. We note that in the literature
many (or perhaps most) truthful mechanisms are only incentive compatible in the weak sense. Such mechanisms are
of theoretical interest, and may possibly be turned into more practically satisfactory mechanisms.

In the case of enhanced SPP mechanisms, the lack of a strong incentive to be truthful only applies to those buyers
who are asked for their values, knowing they will not be allocated the item. Such a buyer may not cooperate at all,
or in stating their value may not be truthful. The first problem can be resolved by compensating the buyer with some
fixed small amount of money that the auctioneer obtains from the buyers who pay for the service. Having insured
some level of cooperation, how do we incentivize these buyers to be truthful?

Here is an example of such an adaptation of our enhanced SPP mechanisms that creates the proper strong incentive.
Suppose now that we have provided an incentive for every buyer to reveal a valuation. Here is an example of such an
adaptation of our enhanced SPP mechanisms that creates the proper strong incentive. At the start of the auction, using
a cryptographic protocol (or just a normal sealed envelope), we ask each of the buyers for a sealed commitment of their
value. Furthermore, for buyers being offered a price, with some (say small) probability, the buyer must reveal their
private valuation in order to be allowed the item. Now this isstrongly incentive compatible if we assume buyers are
risk averse so that they will not over-bid their valuation. There is clearly no monetary reason for a buyer to under-bid.

D On d-dimensional dependence versus Markov random fields of degreed

This section is intended for readers who are interested in the relative generality ofd-dimensionally dependence com-
pared to Markov random fields of degreed. We assume that reader is familiar with the definition of Markov random
fields. For convenience we will state a weaker notion here.

Definition 14. Given a undirected graph G= ([n],E), a probability distributionπ onRn is a local Markov random
field with respect toG if the following property, namedlocal Markov property, holds: for all i ∈ [n], πi is independent
of π[n]\({i}∪Γ(i)) when conditioning on all coordinates inΓ(i). Here,Γ(i) denotes the neighborhood of i in G.

(In a true Markov random field, two additional technical conditions, needs to be satisfied, called thepairwise
Markov propertyand theglobal Markov property.) We will give an example of a 1-dimensionally dependent distribu-
tion that is not a local Markov random field with respect to anygraphG in which all vertices have a degree less than
(n− 2)/2.

Consider a distributionπ on {0, 1}n+2. A vector v drawn fromπ is formed according to the following random
process: for alli ∈ [n] we are given 2n distinct probability distributions on{0, 1}. We name these distributionsπi,0 and
πi,1, for i ∈ [n]. These distributions are such that both 0 and 1 occur with positive probability. Letv′ be a value drawn
from yet another distributionπ′ on{0, 1}where again both 0 and 1 have positive probability. The final generated vector
is then (v1,v

′
, v2,v

′
, . . . , vn,v

′
, v′, v′), wherevi,v

′
is drawn fromπi,v′ .

π is clearly 1-dimensionally dependent, since fori ∈ [n] the conditional marginal distributionπi,~v−i
is determined

by only the valuev′, which is the value of the (n + 1)-th coordinate. Also, the value of the (n + 1)-th coordinate is
entirely determined by the (n+ 2)-th coordinate, and vice versa.

We can also easily see thatπ is not a Markov random field with respect to any graph in which all vertices have
a degree less thann/2. LetG be a graph such thatπ is a Markov random field. Suppose for contradiction that there
exists ani ∈ [n] for which it holds thatΓ(i) ⊆ [n]. Then the local Markov property would be violated. Therefore, each
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vertex in [n] is connected to either vertexn+ 1 or n+ 2. Hence, we conclude that either vertexn+ 1 or n+ 2 has at
leastn/2 vertices attached to it.

E Missing proofs

E.1 Proof of Proposition 2

Proof. Let M be the sequential posted price mechanism that draws for eachi ∈ [n] a valuepi uniformly at random
from the setSi = {vmin

π,i 2k : k ∈ [⌈log(rπ,i) − 1⌉] ∪ {0}}. M proposes prices to the buyers in an arbitrary order, and offers
price pi to buyeri.

For i ∈ [n], let πi be the probability distribution of theith coordinate ofπ. Note that|Si | does not exceed log(rπ,i).
Therefore the probability thatpi is the highest possible value (among the values inSi) that does not exceed the value
drawn fromπi , is at least 1/ log(rπ,i). More formally, letπSi be the uniform distribution onS; then

Prvi∼πi ,pi∼πSi
[pi ≤ vi ∩ (∄p′i ∈ Si : p′i > pi ∧ p′i ≤ vi)] ≤

1
log(rπ,i)

.

Thus, with probability 1/ log(rπ,i), the mechanism extracts from buyeri a revenue of exactlyvi,min2k, wherek is the
number such that the value drawn fromπi lies in betweenvi,min2i andvi,min2i+1. This implies that with probability
1/ log(rπ,i) the mechanism extracts from buyeri a revenue that lies a factor of at most 1/2 away fromvi . This leads to
the conclusion that

E~v∼π[revenue ofM(~v)] ≥
∑

i∈[n]

1
log(rπ,i)

1
2

Evi∼πi [vi ]

≥ 1
2 log(max{rπ,i : i ∈ [n]})

∑

i∈[n]

Evi∼πi [vi ]

=
1

2 log(max{rπ,i : i ∈ [n]})
E~v∼π[OPT(~v)],

whereOPT(~v) =
∑

i∈[n] vi denotes the optimal social welfare when the buyers have valuation vector~v. �

E.2 Proof of Lemma 1

Proof. The second claim has been already proved in the proof sketch.It remains to prove the first claim. To this
aim, let us first introduce some specialized notation: Letσ now be a probability distribution on a finite subset ofR≥0

and x ∈ supp(σ), we write precσ(x) to denote max supp(σ) ∩ [0, x) if supp(σ) ∩ [0, x) is non-empty. Otherwise, if
supp(σ) ∩ [0, x) = ∅, we define precσ(x) = 0. Similarly, we write succσ(x) to denote min supp(σ) ∩ (x,∞]. (We leave
succσ(x) undefined if supp(σ) ∩ (x,∞] is empty.)

Suppose now thatA is an optimal dominant strategy IC, ex-post IR mechanism. For~v ∈ supp(π), denote byx(~v) the
expected allocation vector output byA when the buyers report valuation vector~v (so that fori ∈ [n], the valuexi(~v) is
the probability thati gets allocated service, when the buyers report~v) and denote byp(~v) the vector of expected prices
charged byA when the buyers report~v. Ex-post incentive compatibility states that

∀i ∈ [n],~v−i ∈ supp(π−i), (vi, v
′
i ) ∈ supp(πi)

2 : vi xi(vi,~v−i) − pi(vi ,~v−i) ≥ vi xi(v
′
i ,~v−i) − pi(v

′
i ,~v−i),

and ex-post individual rationality states that

∀i ∈ [n],~v ∈ supp(π) : vi xi(vi ,~v−i) − pi(vi,~v−i) ≥ 0.

The next lemma states that, inA, the allocation probability for a buyer is non-decreasing in his reported valuation.

Lemma 5. For all i ∈ [n], all ~v−i ∈ π−i, and allvi, v′i ∈ supp(πi,~v−i
), with vi < v′i , it holds that

xi(vi ,~v−i) ≤ xi(v
′
i ,~v−i).
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Proof. By way of contradiction, we assume thatǫ = xi(vi ,~v−i) − xi(v′i ,~v−i) > 0. By ex-post incentive compatibility it
holds that

vi xi(vi ,~v−i) − pi(vi ,~v−i) ≥ vi xi(v′i ,~v−i) − pi(v′i ,~v−i),

v′i xi(v′i ,~v−i) − pi(v′i ,~v−i) ≥ v′i xi(vi ,~v−i) − pi(vi,~v−i).

We now rewrite these inequalities as

vi xi(vi ,~v−i) − vi xi(v
′
i ,~v−i) ≥ pi(vi ,~v−i) − pi(v

′
i ,~v−i),

v′i xi(vi ,~v−i) − v′i xi(v′i ,~v−i) ≤ pi(vi ,~v−i) − pi(v′i ,~v−i).

This results in the following pair of inequalities.

viǫ ≥ pi(vi,~v−i) − pi(v
′
i ,~v−i),

v′i ǫ ≤ pi(vi,~v−i) − pi(v′i ,~v−i).

The two inequalities contradict each other, becausev′i > vi and we assumedǫ > 0. �

The next lemma upper bounds the prices charged byA.

Lemma 6. For all i ∈ [n], all ~v−i ∈ supp(~v−i) and all vi ∈ supp(πi,~v−i
), it holds that

pi(vi,~v−i) ≤ vi xi(vi,~v−i) −
∑

v′i∈supp(πi,~v−i
) : v′i<vi

(succπi,~v−i
(vi) − vi)xi(v′i ,~v−i). (9)

Proof. For v′i ∈ supp(πi,~v−i
) the ex-post IC constraint for~v−i , v

′
i , precπi,~v−i

(vi) can be written as

v′i (xi(v′i ,~v−i) − xi(v′′i ,~v−i)) ≥ pi(v′i ,~v−i) − pi(v′′i ,~v−i),

wherev′′i = precπi,~v−i
(vi). Summing the above over allv′i ∈ supp(πi,~v−i

), v′i < vi yields (9). �

The optimal revenue among all ex-post IC, ex-post IR mechanisms (and thus the expected revenue ofA) can be
written as the following linear program, where (x(~v))~v∈supp(π) and (p(~v))~v∈supp(π) are the variables:

max

{

∑

i∈[n]

∑

~v∈supp(π)

pi(~v)

∣

∣

∣

∣

∣

∣

(10)

∀i ∈ [n],~v ∈ supp(π) : vi xi(~v) − pi(~v) ≥ 0 (11)

∀i ∈ [n], (vi, v′i ) ∈ supp(πi)2,~v−i ∈ supp(π−i,vi ) : vi xi(vi,~v−i) − pi(vi ,~v−i) ≥ vi xi(v′i ,~v−i) − pi(v′i ,~v−i) (12)

∀~v ∈ supp(π) :
∑

i

xi(~v) ≤ k (13)

∀i ∈ [n],~v ∈ supp(π) : 0 ≤ xi(~v) ≤ 1

}

(14)

In the above linear program, (11) are the ex-post IR constraints, (12) are the ex-post IC constraints, and (13) expresses
that the service cannot be provided to more thank buyers.

By Lemma 5, it is possible to add to the above linear program the constraintsxi(vi ,~v−i) ≥ xi(precπi,~v−i
(vi)) for

i ∈ [n],~v−i ∈ supp(π−i), vi ∈ supp(πi,~v−i
). Moreover, by Lemma 6, replacing the objective function by

∑

i∈[n]

∑

~v∈supp(π)

π(~v)





















vi xi(vi,~v−i) −
∑

v′i∈supp(πi,~v−i
) : v′i<vi

(succπi,~v−i
(vi) − vi)xi(v′i ,~v−i)





















and removing the constraints (11) and (12) results in the following linear program that upper bounds the optimal
revenue among the ex-post IC, ex-post IR mechanisms:

max

{

∑

i∈[n]

∑

~v∈supp(π)

π(~v)





















vi xi(vi,~v−i) −
∑

v′i∈supp(πi,~v−i
) : v′i<vi

(succπi,~v−i
(vi) − vi)xi(v′i ,~v−i)





















∣

∣

∣

∣

∣

∣

(15)
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∀i ∈ [n],~v ∈ supp(π) : xi(~v) ≥ xi(precπi,~v−i
(vi),~v−i) (16)

∀~v ∈ supp(π) :
∑

i

xi(~v) ≤ k (17)

∀i ∈ [n],~v ∈ supp(π) : 0 ≤ xi(~v) ≤ 1

}

(18)

We will show that the linear program (3–6) is equivalent to the above. Setyi(~v) = xi(~v) − xi(precπi,~v−i
(vi),~v−i) for

all i ∈ [n],~v ∈ supp(π), and observe that the constraints (16), (17) and (18) are then equivalent to (4), (5) and (6)
respectively. Moreover, with this correspondence betweeny andx, we can rewrite the objective function as follows:

∑

i∈[n]

∑

~v∈supp(π)

π(~v)





















vi xi(vi ,~v−i) −
∑

v′i∈supp(πi,~v−i
) : v′i<vi

(succπi,~v−i
(vi) − vi)xi(v′i ,~v−i)





















=
∑

i∈[n]

∑

~v−i∈supp(π−i )

π−i(~v−i)
∑

vi∈supp(πi,~v−i
)

πi,~v−i
(vi)vi xi(vi ,~v−i)

−
∑

i∈[n]

∑

~v−i∈supp(π−i )

π−i(~v−i)
∑

vi∈supp(πi,~v−i
)

πi,~v−i
(vi)

∑

v′i∈supp(πi,~v−i
) : v′i<vi

(succπi,~v−i
(vi) − vi)xi(v′i ,~v−i)

=
∑

i∈[n]

∑

~v−i∈supp(π−i )

π−i(~v−i)
∑

vi∈supp(πi,~v−i
)

πi,~v−i
(vi)vi xi(vi ,~v−i)

−
∑

i∈[n]

∑

~v−i∈supp(π−i )

π−i(~v−i)
∑

vi∈supp(πi,~v−i
)

xi(vi,~v−i)(succπi,~v−i
(vi) − vi)Prv′i∼πi,~v−i

[v′i > vi ]

=
∑

i∈[n]

∑

~v−i∈supp(π−i )

π−i(~v−i)
∑

vi∈supp(πi,~v−i
)

xi(vi,~v−i)(πi,~v−i
(vi)vi − (succπi,~v−i

(vi) − vi)Prv′i∼πi,~v−i
[v′i > vi ])

=
∑

i∈[n]

∑

~v−i∈supp(π−i )

π−i(~v−i)
∑

vi∈supp(πi,~v−i
)

xi(vi,~v−i)(Prv′i∼πi,~v−i
[v′i ≥ vi ]vi − (succπi,~v−i

(vi))Prv′i∼πi,~v−i
[v′i > vi ])

=
∑

i∈[n]

∑

~v−i∈supp(π−i )

π−i(~v−i)
∑

vi∈supp(πi,~v−i
)

(xi(vi,~v−i) − xi(precπi,~v−i
(vi),~v−i))viPrv′i∼πi,~v−i

[v′i ≥ vi]

=
∑

i∈[n]

∑

~v−i∈supp(π−i )

π−i(~v−i)
∑

vi∈supp(πi,~v−i
)

Prv′i∼πi,~v−i
[v′i ≥ vi ]viyi(vi,~v−i).

This completes the proof. �

E.3 Proof of Lemma 3

Proof. We will show that the expected revenue ofMk
π is at least

2−
√

e
4

∑

i∈[n]

∑

~v−i∈supp(π−i )

π−i(~v−i)
∑

vi∈supp(πi,~v−i
)

Prv′i∼πi,~v−i
[v′i ≥ vi ]viy∗i (vi ,~v−i),

which is by Theorem 1 and the objective function (3) a (2−
√

e)/4 fraction of the expected revenue of the optimal
ex-post IC, ex-post IR mechanism.

For a vector of valuations~v ∈ supp(π) and a buyeri ∈ [n], denote byDi,~v−i
the probability distribution from

which mechanismMk
π(~v) draws a price that is offered to buyeri, in case iterationi ∈ [n] is reached (as described

in Definition 11). We letV be a number that exceeds max{vi : i ∈ [n],~v ∈ supp(π)} and represent byV the option
whereMk

π(~v) chooses the “do nothing”-option during iterationi, so thatDi,~v−i
is a probability distribution on the set
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{V} ∪ {vi : y∗i (vi ,~v−i) > 0}. Let us formulate an initial lower bound on the expected revenue ofMk
π.

E~v∼π[revenue ofMk
π(~v)]

= E ~v∼π,
p1∼D1,~v−1

,

...
pn∼Dn,~v−n

















∑

i∈[n]

pi1[pi ≤ vi ]1[|{ j ∈ [i − 1] : p j ≤ v j}| < k]

















=
∑

i∈[n]

E ~v∼π,
p1∼D1,~v−1

,

...
pn∼Dn,~v−n

[

pi1[pi ≤ vi ]1[|{ j ∈ [i − 1] : p j ≤ v j}| < k]
]

=
∑

i∈[n]

∑

~v∈supp(π)

π(~v)
∑

p1∈supp(D1,~v−1
)

...
pi∈supp(Di,~v−i

)

pi1[pi ≤ vi ]1[|{ j ∈ [i − 1] : p j ≤ v j}| < k]
∏

j∈[i]
D j,~v− j

(p j)

=
∑

i∈[n]

∑

~v∈supp(π)

π(~v)
∑

pi∈supp(Di,~v−i
)

: pi≤vi

piDi,~v−i
(pi)

∑

p1∈supp(D1,~v−1
)

...
pi−1∈supp(Di−1,~v−(i−1)

)
: |{ j∈[i−1]|pj≤v j }|<k

∏

j∈[i−1]

D j,~v− j
(p j)

=
∑

i∈[n]

∑

~v∈supp(π)

π(~v)
∑

pi∈supp(Di,~v−i
)

: pi≤vi

piy
∗
i (pi ,~v−i)

2
Pr p1∼D1,~v−1

...
pi−1∼Di−1,~v−(i−1)

[|{ j ∈ [i − 1] : p j ≤ v j}| < k]

≥
∑

i∈[n]

∑

~v∈supp(π)

π(~v)
∑

pi∈supp(Di,~v−i
)

: pi≤vi

piy
∗
i (pi ,~v−i)

2
Pr p1∼D1,~v−1

...
pn−1∼Dn−1,~v−(n−1)

[|{ j ∈ [n− 1] : p j ≤ v j}| < k].

(19)

For the second equality, we applied linearity of expectation; the third equality follows from the definition of expected
value; to obtain the fourth inequality we eliminate the indicator functions by removing the appropriate terms from the
summation; in the fifth inequality we substituteDi,~v−i

(pi ,~v−i) andD j,~v− j
(p′j,~v− j) by concrete probabilities. For the last

inequality we lower bounded the last probability in the expression by replacingi by n.
For~v ∈ supp(π) andi ∈ [n− 1], let us denote byz~vi the probability that a price drawn fromDi,~v−i

does not exceedvi ,
i.e.,

z~vi =
∑

pi∈supp(Di,~v−i
) : pi≤vi

Di,~v−i
(pi) =

∑

v′i∈supp(πi,~v−i
) : v′i≤vi

y∗i (v
′
i ,~v−i)

2
,

and letX~vi denote the random variable that takes the value 1 with probability z~vi and the value 0 with probability 1− z~vi .
Then the final probability in the derivation above, i.e.,

Pr p1∼D1,~v−1

...
pn−1∼Di−1,~v−(n−1)

[|{ j ∈ [n− 1] : p j ≤ v j}| < k]

can be written as

1− Pr

















∑

i∈[n−1]

X~vi ≥ k

















.

Let µ = E
[

∑

i∈[n−1] X~vi
]

. Next, we use a Chernoff bound:

Theorem 7 (Chernoff bound (as in [Motwani and Raghavan, 1995]).). Let X1, . . . ,Xn be independent random(0, 1)-
variables such that, for i∈ [n], Pr[Xi = 1] = pi where pi ∈ [0, 1]. Then, for X=

∑

i∈[n] Xi , µ = E[X] =
∑

i∈[n] pi and
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anyδ > 0,

Pr[X ≥ (1+ δ)µ] ≤
(

eδ

(1+ δ)1+δ

)µ

.

This implies that the expression above is bounded as follows.

1− Pr

















∑

i∈[n−1]

X~vi ≥
(

1+

(

k
µ
− 1

))

µ

















≥ 1−
(

ek/µ−1

(k/µ)k/µ

)µ

.

By the definition ofz~vi and constraint (5) of the linear program, it holds thatµ =
∑

i∈[n−1] z~vi ≤ k/2. We can lower bound
the expression above by replacingµ by k/2. To see this, rewrite it first into the following:

1−
(

ek/µ−1

(k/µ)k/µ

)µ

= 1− ek−µ+k ln(µ)

kk
.

The derivative of the exponent ofe (with respect toµ) is positive forµ ∈ [0, k], which means that the exponent ofe is
increasing inµ on [0, k]. Thus, replacingµ by its upper boundk/2 increases the exponent and therefore decreases the
expression above. Therefore:

1− Pr

















∑

i∈[n−1]

X~vi ≥ k

















≥ 1−
(e
4

)k/2
≥ 1−

(e
4

)1/2
=

2−
√

e
2
. (20)

Continuing from (19), we obtain

E~v∼π[revenue ofMk
π(~v)] ≥

∑

i∈[n]

∑

~v∈supp(π)

π(~v)
∑

pi∈supp(Di,~v−i
) : pi≤vi

pi
y∗i (pi ,~v−i)

2
2−
√

e
2

=
2−
√

e
4

∑

i∈[n]

∑

~v∈supp(π)

π(~v)
∑

pi∈supp(Di,~v−i
) : pi≤vi

piy
∗
i (pi ,~v−i)

=
2−
√

e
4

∑

i∈[n]

∑

~v−i∈supp(π−i )

π−i(~v−i)
∑

vi ,pi∈supp(πi,~v−i
) : pi≤vi

πi,~v−i
(vi)piy

∗
i (pi ,~v−i)

=
2−
√

e
4

∑

i∈[n]

∑

~v−i∈supp(π−i )

π−i(~v−i)
∑

pi∈supp(πi,~v−i
) : pi≤vi

Pr~v−i∼πi,~v−i
[vi ≥ pi ]piy

∗
i (pi,~v−i),

which proves the first of the two claims. For the second claim,observe that (20) states a lower bound of (2−
√

e)/2
on the probability that all players get selected by the mechanism. Therefore, we can combine (20) with the principle
explained in Remark 1, which allows us to transformMk

π into a dominant strategy IC blind offer mechanismM̂k
π.

Observe now that (19) is still a lower bound on the revenue ofM̂k
π so that the revenue analysis ofMk

π also holds for
M̂k
π. �
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