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Abstract

We study the revenue performance of sequential posted prémhanisms and some natural extensions, for a
general setting where the valuations of the buyers are dfiamama correlated distribution. Sequential posted price
mechanisms are conceptually simple mechanisms that wopkdposing a “take-it-or-leave-it"féer to each buyer.
We apply sequential posted price mechanisms to singlevgieat multi-unit settings in which each buyer demands
only one item and the mechanism can assign the service tosakmitthe buyers. For standard sequential posted price
mechanisms, we prove that with the valuation distributiavitg finite support, no sequential posted price mechanism
can extract a constant fraction of the optimal expectedm@veeven with unlimited supply. We extend this result
to the the case of a continuous valuation distribution wheious standard assumptions hold simultaneously (i.e.,
everywhere-supported, continuous, symmetric, and nazewh(conditional) distributions that satisfggularity, the
MHR condition andayfiliation). In fact, it turns out that the best fraction of the optimalenue that is extractable
by a sequential posted price mechanism is proportionaltto od the highest and lowest possible valuation. We
prove that for two simple generalizations of these mechagsis better revenue performance can be achieved: if the
sequential posted price mechanism has for each buyer ti@nagteither proposing an fier or asking the buyer
for its valuation, then &(1/ max1, d}) fraction of the optimal revenue can be extracted, widedlenotes the degree
of dependence of the valuations, ranging from completepeddenced = 0) to arbitrary dependence & n— 1).
Moreover, when we generalize the sequential posted pricghaméisms further, such that the mechanism has the
ability to make a take-it-or-leave-itf@r to thei™ buyer that depends on the valuations of all buyers excgpive
prove that a constant fraction {2+/€)/4 ~ 0.088 of the optimal revenue can be always be extracted.

1 Introduction

A large body of literature in the field of mechanism desigrufes on the design of auctions that are optimal with re-
spect some given objective function, such as maximizingtioéal welfare or the auctioneer’s revenue. This litematur
mainly considered direct revelation mechanisms, in whextthebuyer submits a bid that represents his valuation for
getting the service, and the mechanism determines the varamel how much they are forced to pay. The reason for
this is therevelation principle(see, e.g.r15]), which implies that one mapreto studying only direct
revelation mechanisms for many purposes, such as maxigtizansocial welfare or the auctioneer’s revenue. Some of
the most celebrated mechanisms follow this approach, ssitheaVickrey-Clark-Groves mechaniSMrml%l,
[Clarké| 1971, Groves, 1973] and the Myerson mecha
A natural assumption behind these mechanisms is that buwMamubmn truthfully whenever the utility they take
with the truthful bid is at least as high as the utility theyymake with a diferent bid. However, it has often been
acknowledged that such an assumption may be too strong & aveeld setting. In particular, Sandholm and Gilpin
[@] highlight that this assumption usually fails be@of 1) a buyer’s unwillingness to fully specify their vaty@)
a buyer’s unwillingness to participate in ill understoodilex, unintuitive auction mechanisms, and 3) irratidpal
of a buyer, which leads him to underbid even when it is knovat there is nothing to be gained from this behavior.
This has recently motivated the research about auction amésins that are conceptually simple. Among these,
the class ofsequential posted price mechanisf@awla et al., 2010] is particularly attractive. First died by



http://arxiv.org/abs/1503.02200v2

|Sandholm and Gilpin [2004] (and called “take-it-or-ledaveechanisms”), these mechanisms work by iteratively se-
lecting a buyer that has not been selected previously, fiedrrg him a price. The buyer may then accept or reject
that price. When the buyer accepts, he is allocated thecger@itherwise, the mechanism does not allocate the service
to the buyer. In the sequential posted-price mechanism lee &loth the choice of buyer and the pricfeved to

that buyer to depend on the decisions of the previously ldauyers (and the prior knowledge about the buyers’
valuations). Also, randomization in the choice of the bugmat in the charged price is allowed. Sequential posted price
mechanisms are thus conceptually simple and buyers do wettbaeveal their valuations for the service. Moreover,
they possess a trivial dominant strategy (i.e., do not recamy strategic decisions on the part of a buyer) and are
individually rational (i.e., informally, participatiomisuch an auction is never harmful to the buyer).

Sequential posted price mechanisms have been mainly dttati¢he setting where the valuations of the buyers
are each drawn independently from publicly known buyegadistributions, called thendependent valuesetting.

In this paper, we study a much more general setting, and a&sthanthe entire vector of valuations is drawn from one
publicly known distribution, which allows for arbitrarilgomplex dependencies among the valuations of the buyers.
This setting is commonly known as tleerrelated valuesetting. Our goal is to investigate questions related to the
existence of sequential posted price mechanisms thatwechidigh revenue. That is, we quantify the quality of a
mechanism by comparing its expected revenue to that obplienal mechanismthe mechanism that achieves the
highest expected revenue among all dominant strategytiweesompatible and ex-post individually rational mecha-
nisms (see the definitions in Sectldn 2 below).

We assume a standard Bayesian, transferable, quasi-litiéigrmodel and we study anit demand, single param-
eter, multi-unitsetting: there is one service (or type of item) being prodidg the auctioneer, any buyer is interested
in receiving the service once, and theuationof each buyer consists of a single number that reflects to esxtant
a buyer would profit from receiving the service provided bg #uctioneer. The auctioneer can charge a price to a
bidder, so that the utility of a bidder is his valuation (irseahe gets the service), minus the charged price. We focus
in this paper on thé&-limited supply setting, where service can be provided tmastk of the buyers. This is an
important setting because it is a natural constraint in nmaajistic scenarios, and it contains two fundamental spheci
cases: thenit supplysetting (wheré = 1), and theunlimited supplysetting wheré = n.

Related work There has been recent substantial work on the subject ofueveerformance fosimple mecha-
nisms [Hartline and Roughgarden, 2009, Hart and Nisan JB4Baidf et al., 2014, Rubinstein and Weinblerg, 2015,
Devanur et gl., 2015]. In particular, Bab#iet al. [2014] highlight the importance of understanding tikahe rela-
tive strength of simple versus complex mechanisms withreetgarevenue maximization.

As described above, sequential posted price mechanisnaarample of such a simple class of mechanisms.
|Sandholm and Gilpin [2004] have been the first ones to studyeseial posted price mechanisms. They give ex-
perimental results for the case in which values are indepathd drawn from the uniform distribution in [Q].
Moreover, they consider the case where multigiers can be made to a bidder, and study the equilibria that aris
from this.| Blumrosen and Holensteln [2008] compare fixede(called symmetric auctions), sequential posted price
(called discriminatory auctions) and the optimal mechanfer valuations drawn from a wide class of i.i.d distri-
butions. | Babaiff et al. [2012] consideprior-independenposted price mechanisms wikalimited supply for the
setting where the only information known about the valuatilistribution is that all valuations are independently
drawn from the same distribution with support 1. Posted-price mechanisms have also been previousliestird
[Kleinberg and Leightdrl, 2003, Blum and Hartline, 2005, iBlat al.| 2004], albeit for a non-Bayesian, on-line set-
ting. In a recent work Feldman et al. [2015] study “on-lin@sped price mechanisms for combinatorial auctions when
valuations are independently drawn.

The works of Chawla et al. [2010] and Gupta and NagarajandPare closest to our present work, although they
only consider sequential posted price mechanisms in thepierdent values setting. In particu Lal. [P010
prove that such mechanisms can extract a constant factioe @jptimal revenue for single and multiple parameter set-
tings under various constraints on the allocations. Thay ebnsideorder-obliviougi.e., “on-line”) sequential posted
price mechanisms in which the order in which the order of tingebs is fixed and adversarially determined. They use
order-oblivious mechanisms in order to establish somdtssfar the more general multi-parameter case. lezon]
builds on this work and strengthens some of the results ofwzhet al. [2010]. Moreover, Kleinberg and Weinberg
M] prove results that imply a strengthening of some efrétsults of Chawla et al. [2010].

Gupta and Nagarajan [2013] introduce a more abstract sstichmobing problem that includes Bayesian sequen-
tial posted price mechanisms as well as the stochastic matginoblem introduced by Chen et 09]. Their
approximation bounds were later improvem] who in particular matched the approximation




of[Chawla et al.[2010] for single matroid settings.

All previous work only consider the independent setting.tHis work we instead focus on the correlated set-
ting. The lookahead mechanism|of Ron 001] is a fundamheaference for the correlated setting and resem-
bles our blind auction mechanism but isfdrent in substantial ways as we will soon indicate. Cremdacl ean
] made a fundamental contribution to auction theorthm correlated value setting, by characterizing exactly
for which valuation distributions it is possible to extrabe full optimal social welfare as revenue. They do this
for the ex-post IC, interim IR mechanisms and for the domirsarategy IC, interim IR mechanism@d@OOS}
give a characterization of optimal ex-post incentive cotilpp@and ex-post individually rational optimal mechangsm

Roughgarden and Talgam-Cohen [2013] study optimal meshmdisign in the even more geneirsterdependent
setting. They show how to extend the Myerson mechanism $osgiiting for various assumptions on the valuation

distribution. There is now a substantial literature [Daiski et al., 2011, Roughgarden and Talgam-Cohen, |2013,
[Chawla et alll, 2014], that develop mechanisms with goodagmation guarantees for revenue maximization in the
correlated setting. These mechanisms build on the lookamezhanism df Roneh [2001] and thus they algtedi
from the mechanisms proposed in this work.

Contributions and outline  We define some preliminaries and notation in Sedfion 2. I1ni&@d8.1 we give a simple
sequence of instances which demonstrates that for urntestréorrelated distributions the expected revenue of the
best sequential posted price mechanism does not appr@xmithin any constant factor the expected revenue of the
optimal dominant strategy incentive compatible and ex-pakvidually rational mechanism. This holds for any value
of k (i.e, the size of the supply). We extend this impossibilégult by proving that a constant approximation is im-
possible to achieve even when we assume that the valuatiribdiion is continuous and satisfies all of the following
conditions simultaneously: the valuation distributiosuigported everywhere, is entirely symmetric, satistgslar-

ity, satisfies thenonotone hazard rateondition, satisfiegffiliation, all the induced marginal distributions have finite
expectation, and all the conditional marginal distribof@re non-zero everywhere.

The maximum revenue that a sequential posted price mechar@s generate on our examples is shown to be
characterized by the logarithm of the ratio between thedsthand lowest valuations in the support of the distribution
We show in Section 312 that this approximation ratio is esakytight.

Given these negative results, we consider a generalizafisequential posted price mechanisms that are more
suitable for settings with limited dependence among theetslywaluationsienhanced sequential posted price mech-
anisms An enhanced sequential posted price mechanism works tatiitely selecting a buyer that has not been
selected previously. The auctioneer can eittfégrahe selected buyer a price or ask him to report his valnats
in sequential posted price mechanisms, if the buyeffered a price, then he may accept or reject that price. When
the buyer accepts, he is allocated the service. Otherwisanechanism does not allocate the service to the buyer. If
instead, the buyer is asked to report his valuation, themtbehanism does not allocate him the service. Note that
the enhanced sequential posted price mechanism requatesotine fraction of buyers reveal their valuation truthyfull
Thus, the original property that the bidders not have toaktleeir preferences igartially sacrificed, in return for a
more powerful class of mechanisms and (as we will see) arlrettenue performance. For practical implementation
such mechanisms can be slightly adjusted by providing adpidith a small monetary reward in case he is asked to
reveal his valuatidh

For the enhanced sequential posted price mechanisms, wethiad again there are instances in which the revenue
is not within a constant fraction of the optimal revenue. ldwer, we show that this class of mechanisms can extract
a fraction®(1/n) of the optimal revenue, i.e., a fraction that is indepemndéthe valuation distribution.

This result seems to suggest that to achieve a constantapation of the optimal revenue it isecessanto
collect all the bids truthfully. Consistent with this hypesis, we prove that a constant fraction of the optimal regen
can be extracted by a dominant strategyblthd gffer mechanismsthese mechanisms inherit all the limitations of
sequential posted price mechanisms (i.e., buyers aredmresi sequentially in an order independent of the bids; it is
possible to ffer a price to a buyer only when selected; and the buyer getsetivéice only if it accepts thefiered
price), except that the pricdfered to a biddermay now depend on the bids submitted by all players otherithEms
generalization sacrifices entirely the property that bsiyatuations need not be revealed, and the class of bitied o
mechanisms are thus necessarily direct revelation mesfani However, this comes with the reward of a revenue
that is only a constant factor away from optimal. Also, blofter mechanisms preserve the conceptual simplicity of

1We also note that in some realistic scenarios, the valuatisome buyers may be known a priori to the auctioneer (thrptmr example,
the repetition of auctions or accounting and profiling opers), which can be exploited accordingly in the designhef énhanced posted price
mechanism.



sequential posted price mechanisms, and are easy to grate fouyers participating in the auction. Unfortunately
it turns out that blind fer mechanisms are not inherently truthful, although thisnlky for a subtle reason: while

it is true that a buyer cannot influence the price hefisred nor the decision of the mechanism to pick him, he can
still be incentivized to misreport in order to influence thielpability that the supply has not run out before the buyer
is picked. However, this is not a big obstruction, as we wilbw that there is a straightforward way to turn any
blind offer mechanism into an incentive compatible one. We stressethen if blind dfer mechanisms sacrifice some
simplicity (and practicality), we still find it theoretidglinteresting that a mechanism that on-line allocates $témn
buyers (i.e.in any order) and thus not necessarily allocating the items to agentsmizixg their profit,say as in
Ronen[2001] and Chawla etldl. [2010]) is able to achieve ateom approximation of the optimal revenue even with
correlated valuations. Moreover, our result for blinleo mechanisms has a constructive purpose: it provides the
intermediate step enroute to establishing revenue appedian bounds for other mechanisms. We will show how
blind offer mechanisms serve to this purpose in Sedflon 4 for the amistn of enhanced sequential posted price
mechanisms.

We highlight that our positive results do not make any asgiong on the marginal valuation distributions of the
buyers nor the type of correlation among the buyers. Howé@v&ectior ## we consider the case in which the degree
of dependence among the buyers is limited. In particularint®duce the notion ofl-dimensionally dependent
distributions This notion informally requires that for each buyehere is a seg; of d other buyers such that the
distribution ofi’s valuation when conditioning on the vector of other buygeatuations can likewise be obtained by
only conditioning on the valuations &. Thus, this notion induces a hierarchyro€lasses of valuation distributions
with increasing degrees of dependence among the buyers: #00 the buyers have independent valuations, while
the other extreme = n — 1 implies that the valuations may be dependent in arbiyradimplex ways. Note that
d-dimensional dependence does not require that the mangahadtion distributions of the buyers themselves satisfy
any particular property, and neither does it require amgtlirom the type of correlation that may exist among the
buyers. This stands in contrast with commonly made assomgptuch asymmetryayffiliation, themonotone-hazard
rate assumptiopandregularity, that is often encountered in the auction theory and meshadesign literature.

Our main positive result for enhanced sequential postetkpriechanisms then states that when the valuation
distribution isd-dimensionally dependent, there exists an enhanced seajyswsted price mechanism that extracts
anQ(1/d) fraction of the optimal revenue. The proof of this resulbsists of three key ingredients:

e An upper bound on the optimal ex-post IC, ex-post IR revenuderims of the solution of a linear program. This
upper bound has the form of a relatively simple expressiahithimportant for the definition and analysis of
a blind afer mechanism that we define subsequently. This part of thef generalizes a linear programming
characterization introduced by Gupta and Nagarajan [2fi3he independent distribution setting.

e A proof for the fact that incentive compatible blinéfer mechanisms are powerful enough to extract a constant
fraction of the optimal revenue of any instance. This makasial use of the linear program mentioned above.

e A conversion lemma showing that blindfer mechanisms can be turned into enhanced sequential gogted
mechanisms while maintaining a fracti@{1/d) of the revenue of the blindfter mechanisfh

While our focus is on proving thénon-)existencef simple mechanisms that perform well in terms of revenue,
we note the following about the computational complexitpof mechanisms: all the mechanisms that we use in our
positive results run in polynomial time when the valuatigstribution is given as a description of the valuation vesto
together with their probability madss

Additionally, we note that all of our negative results hotdt fandomized mechanisms. On the other hand: our
positive results only require randomization in a limitedyw#&or our positive results for classical sequential posted
price mechanisms, only thdfered prices need to be randomly chosen, while the order inhwthe agents are picked
is arbitrary. This makes these positive results hold thindiag theorder-oblivious(i.e., on-line) setting in which the
mechanism has no control over the agent that is picked inieettion. Our positive result for blindfier mechanisms
only requires randomized pricing in case: n and works for any ordering in which the agents are pickedorag as
the mechanisms knows the ordering in advance. Our posésdtrfor enhanced sequential posted price mechanisms

°The sequential posted price mechanism constructed inetiiih depends on a paramegerhich can be adjusted to trad& the amount of
valuation elicitation against the hidden constant ing{&/d) expression.

3When the valuation distribution is not accessible in sucbrenf and can instead only be sampled from, then standardlisanechniques can
be used in order to obtain an estimate of the distributionekthis estimate is reasonably accurate (which should beasewhen the distribution
in question does not have extreme outliers), then the mesharin our paper can still be used with only a small addifiéoss in revenue.



requires randomized pricing and the assumption that thenaméem can pick a uniformly random ordering of the
agents (i.e., holds in thendom order modeROM of arrivals).

Some of the proofs have been omitted in the main body of therpépsome occasions we have replaced them by
proof sketches. In all of these cases the full versions optbefs can be found in AppendiX E.

2 Preliminaries and notation

Fora e N, we write [a] to denote the sdil, . . ., a}. We write1[X] to denote the indicator function for propeiyi.e.,
it evaluates to 1 iX holds, and to 0 otherwise). Wheiis a vector and is an arbitrary element, we denote lay {_;)
the vector obtained by replacingwith a.

We face a setting where an auctioneer provides a serviedtyers, and is able to serve at mksif the buyers.
As mentioned in the introduction, the buyers have valuatfonthe service fiered, which are drawn fromwaluation
distribution defined as follows.

Definition 1 (Valuation distribution) A valuation distributionr for n buyers is a probability distribution oR.

We will assume throughout this paper thas discrete, except for in Theordm 2. In that proposition ssiane that
some standard assumptions about continuous valuatioibdigdns hold, such aggularity, themonotone hazard rate
(MHR) condition andgyfiliation. We refer the interested reader to Apperidix A for a definidod a brief discussion
of these properties.

We will use the following notation for conditional and margl probability distributions. For an arbitrary probabil-
ity distributions, denote by supp{ the support ofr. Letr be a discrete finite probability distribution &1, leti € [n],

S c [n] and? € R". We denote bys the vector obtained by removing frofithe coordinates in] \ S. We denote
by s the probability distribution induced by drawing a vectasrfrr and removing the coordinates corresponding to
index setf] \ S. If S = {i} is a singleton, we write; instead ofr;, and if S consists of all but one buyerwe write

n_i instead ofrqy ;. We denote byt the probability distribution ofr conditioned on the event tha is the vector

of values on the coordinates corresponding to indexssétfe denote byr; ;. the marginal probability distribution of
the coordinate of, that corresponds to buyerAgain, in these cases, in the subscript we will also writestead of

{i} and—i instead of f] \ {i}.

Each of the buyers is interested in receiving the service@dtrance. The auctioneer runsreechanisnwith
which the buyers interact. In general, a mechanism consistsspecification of (i.) the strategies available to the
buyers, (ii.) a function that maps each vector of strategfiesen by the buyers to an outcome. The mechanism, when
provided with a strategy profile of the buyers, outputs arcawie that consists of a vect&r= (x,...,X,) and a
vectorp = (pu, ..., pPn): vectorXis theallocationvector, i.e., the (01)-vector that indicates to which of the buyers the
auctioneer allocates the service, ghe (p1, ..., pn) is the vector opricesthat the auctioneer asks from the buyers.
For outcome X, p), the utility of a buyeri € [n] is v — pi. The auctioneer is interested in maximizing tbgenue
Ziern Pi, and is assumed to have full knowledge of the valuationibigion, but not of the actual valuations of the
buyers.

We formalize the above as follows.

Definition 2. Aninstancas a triple (n, r, k), where n is the number of participating buyerss the valuation distribu-
tion, and ke N, is the amount of services that the auctioneer may allocatiedduyers. Aleterministic mechanism

f is a function fromxiey 2 to {0, 1}" x R;O, for any choice ofstrategy set&i, i € [n]. WhenX; = supgr;) for all

i € [n], mechanism f is called a deterministizect revelation mechanisnA randomized mechanisiM is a proba-
bility distribution over deterministic mechanisms. Foz [n] and S e Xj¢qZj, we will denote i'sexpected allocation
E:-m[f(S)i] by %(5) and i'sexpected paymerti:-m[ f(Sn:i] by p(9. (When we use this notation, the mechanism M
will always be clear from context.)

Definition 3. Let (n, 7, k) be an instance and M be a randomized direct revelation mashafor that instance.
Mechanism M igslominant strategy incentive compatible (dominant styat€yiff for alli € [n] andS e x ¢y SUpfr;)
andv € supr),

Xi (vi, S-i)vi = Pivi, S4i) = %(Svi = pi(9).
Mechanism M igx-post individually rational (ex-post IR} for all i € [n] andS € supgr),

X (s)vi — pi(s) = 0.



For convenience we usually will not treat a mechanism as batitity distribution over outcomes, but rather as
the result of a randomized procedure that interacts in soayewith the buyers. In this case we say that a mechanism
is implemented byhat procedure. The sequential posted price mechanisniefined to be the mechanisms that are
implemented by a particular such procedure, defined asifslio

Definition 4. Ansequential posted price mechani®nan instancgn, r, k) is any mechanism that is implementable
by iteratively selecting a buyerd [n] that has not been selected in a previous iteration, and psoypa price pfor
the service, which the buyer may accept or reject. If i ackdpa gets the service and paysrpgsulting in a utility of

v — p; fori. If i rejects, he pays nothing and does not get the serviesulting in a utility o for i. Once the number
of buyers that have accepted affev equals k, the process terminates. Randomization in fleetgan of the buyers
and prices is allowed.

We will initially be concerned with only sequential postedcp mechanisms. Later in the paper we define and
study the two generalizations of sequential posted pricghan@sms that we mentioned in the introduction.

Note that each buyer in a sequential posted price mecharasnar obvious dominant strategy: He will accept
whenever the priceftered to him does not exceed his valuation, and he will rejéaravise. Also, a buyer always
ends up with a non-negative utility when participating ireguential posted price mechanism. Thus, by the revelation
principle (see, e.g.15]), a sequentialgmbgrice mechanism can be straightforwardly convertedanto
dominant strategy IC and ex-post IR direct revelation maidma that achieves the same expected revenue.

Our interest lies in analyzing the revenue performance qfisetial posted price mechanisms. We do this by
comparing the expected revenue of such mechanisms to thismonaxexpected revenue that can be obtained by a
mechanism that satisfies dominant strategy IC and ex-postHRs, for a given instance I@PT be the maximum
expected revenue that can be attained by a dominant strifegy-post IR mechanism and IREV(C) be the max-
imum expected revenue achievable by some class of mechagisn®ur goal throughout this paper is to derive
instance-independent lower and upper bounds on the REC)/OPT, whenC is the class of sequential posted
price mechanisms or one of the generalizations mentioned.

A more general class of mechanisms is formed byetkost incentive compatiblex-post individually rational
mechanisms.

Definition 5. Let (n, 7, k) be an instance and M be a randomized direct revelation mashafor that instance.
Mechanism M igx-post incentive compatible (ex-post lig)for alli € [n], § € supf{r;) andd € supgr),

X (@vi — pi(@) = x (s, -i)vi — pi(S, U-i).

In other words, a mechanismesg-post IGf it is a pure equilibrium for the buyers to always reportith@luation.
In this work we sometimes compare the expected revenue ddoaninant strategy IC and ex-post IR) mechanisms
to the maximum expected revenue of the more general classmdg IC, ex-post IR mechanisms. This strengthens

our positive results. We refer the interested reader to Roalen and Talgam-Cohen [2013] for a further discussion
of and comparison between various solution concepts.

3 Sequential posted price mechanisms

We are interested in designing a posted price mechanismftinatny givenn and valuation distribution, achieves

an expected revenue that lies only a constant factor away the optimal expected revenue that can be achieved
by a dominant strategy IC, ex-post IR mechanism. In thisi@eete show that this is unfortunately impossible. In
fact, we will show that the approximation ratios establlrethis section are asymptotically optimal in terms of a
distributional parameter to be defined in secfion 3.2.

3.1 Non-existence of good posted price mechanisms

We next prove the following theorem.

Theorem 1. For all n € N,,, there exists a valuation distribution such that for all ke [n] there does not exist a
sequential posted price mechanism for instafice, k) that extracts a constant fraction of the expected reventieeof
optimal dominant strategy IC, ex-post IR mechanism.



Proof. We first consider the unit supply setting, i.e., instancethefform f, 7, 1). As a first step, we show that it is
impossible to achieve a constant factor approximation whertompare a posted price mechanism to the expected
expectedptimal social welfaredefined as:

OSW= E;_.[maxu;: i €[n]}].

Let OR be the optimal revenue that a dominant strategy IC and ekiBosiechanism can achieve. (Of course
ORdepends on the valuation distributianbut we assume that the valuation distribution is given, iamalicit from
context.) It is clear tha®S Wis an upper bound t®@Rregardless ofr, since a dominant strategy IC and ex-post IR
mechanism will not charge (in expectation) any buyer a highiee than its expected valuation.

Fix m € N arbitrarily, and consider the case where 1 and the valuation; of the single buyer is taken from
{1/a: a e [m]} distributed such that;(1/a) = 1/mfor all a € [m]. In this setting, a posted price mechanism willev
the buyer a pricg, which the buyer subsequently accepisi > p. After that, the mechanism terminates.

Note thatOSW= 1 37, 1. The expected revenue of the mechanism is

lfa:1/a>p)| |fa:1l/a=1/pY p?
RM = pPri;m[01 = P = p m - mp! T mpt o

1
= (1)
Therefore:

lim RM = lim = 1 =

moeo OSW moeo Zae[m] 1/a H(m)
So, no posted price mechanism can secure in expectatioeauevhat lies a constant factor away from the expected
optimal social welfare. (Because our analysis is for araimst instance with only one buyer, this inapproximability
result also holds for instances with independent valuatjon

We extend the above example in a simple way to a setting wherexpected revenue of the optimal dominant
strategy IC, ex-post IR mechanism is equal to the expectiahapsocial welfare.

Fix m € N1 and consider a setting with 2 buyers, where the type veeton] takes values if(1/a, 1/a): a € [m]}
according to the probability distribution whex€(1/a, 1/a)) = 1/mfor all a € [m]. A mechanism that always gives
buyer 1 the service, and charges buyer 1 the bid of buyer Baslg dominant strategy IC and also clearly achieves a
revenue equal to the optimal social welfare.

In this two buyer setting, the valu@S Wis againOS W= r—i PIATY % By symmetry, we may assume without loss of
generality that a posted price mechanism works by first psimgoa pricep; to buyer 1, and then proposing a price
to buyer 2 if buyer 1 rejected thefer. Using arguments similar tbl(1), we derive that the reeasfithis mechanism
is:

0.

RM = p1Pr, v,)-x[v1 > P1] + P2Pr(0p)-x[v1 < pr N2 > p2]
1 1 2
= E + pzpl’(vl’vz)Nn[vl <pi1Nuvy > pz] < E] + pgpl’(ul,vz)Nﬂ[vz > pz] = E

Therefore:
lim w= lim ﬂ< lim — =
moee OR - moee OSWT moeo 3o 1/a
The above example establishes the non-existence of a gqadrsteal posted price mechanism in the case where
the service has to be provided to a single buyer. Suppose Imatthe service can be provided to 2 buyers, and
each buyer gets the service at most once. Consider againuyerdwhose values are drawn from the probability
distributions as defined above. As above, by symmetry we may assume thatstedgprice mechanism first proposes
price p; to buyer 1, and then proposes either prgeor p, to buyer 2:p;, is proposed in case thdfer was rejected
by buyer 1, ang, is proposed otherwise. Thefiiirence with the previous analysis for the unit supply cagigsisthe
mechanism proposes a price to buyer 2 regardless of whaiker bh accepted thefi@r or not.
We derive:

0.

RM = p1Pr, up)xlv1 = p1nv2 < p5l + P2Prey)-xlv1 < prNv2 > p2]
+(P1+ PP (yu)-zlvr = PrNv2 > Py

< +(p1+ p/Z)Pr(vl,vz)WT[Ul 2pP1Novz 2 p/Z]
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2 , , 4
< — +2maxpr, PoIPryu)[v1 = Maxpr, pol] < —.

m m
The optimal incentive compatible mechanism works by givimg service to both buyers while charging the bid of
buyer 1 to buyer 2, and charging the bid of buyer 2 to buyer & fEsulting expected revenue is exactly the expected
optimal social welfareOR= OSW= 1 3 2 We therefore obtain

. RM . RM .
lim — = lim < lim

4
L |
m-eo OR moeo OSW ™ moeo Zae[m] 2/a

The above yields an impossibility result for 2-limited siypBYy adding to this instance dummy buyers that always
have valuation 0, we obtain an impossibility result kdimited supply, wheré € N. O

We prove that the above impossibility result holds also & ¢bntinuous case even if we assume that all of the
following conditions simultaneously hold: the valuatioistdbution is supported everywhere, is entirely symnoetri
satisfiesregularity, satisfies thanonotone hazard rateondition, satisfiesyfiliation, all the induced marginal distri-
butions have finite expectation, and all the conditionalgimeal distributions are non-zero everywhere. We remark
that.Roughgarden and Talgam-Cahen [2013] showed that whitrese assumptions are simultaneously satisfied, the
optimal ex-post IC and ex-post IR mechanism is the Myersochaeism, that is the same mechanism that is optimal
in the independent value setting. Thus, these conditiorkerttee correlated setting very similar to the independent
one with respect to revenue maximization. Yet our resulisti@t, whereas posted price mechanism can achieve a
constant approximation revenue in the latter setting,ré#8slt does not extend to the former one.

Theorem 2. There exists a valuation distributionsuch that
1. r has supporf0, 1]7;
. the expectatiok;_,[vi] is finite for any i€ [n];
. mis symmetric in all its arguments;
. mis continuous and nowhere zero fih 1]";
. the conditional marginal densities;; , are nowhere zero for any; € [0, 1]"* and any i€ [n];

. m has a monotone hazard rate and is regular;

N o oA W N

n satisfies #iliation.

for which there does not exist a sequential posted price am@sh in which valuations are distributed according to
n that extracts more than a constant fraction of the expeatedmue of the optimal dominant strategy IC, ex-post IR
mechanism.

Proof. Considerc > 1 andm > (c —logc)/2 and seM = 1+ 1/m. LetV be a random variable whose value is drawn
over the support [Am, 1] according to the probability density function

1

fV(X) = m

Let N; andN, be two random variables whose values are independentlyndoser the support [0M — v] according
to the conditional density function
c?In(c)

Z(v)

with ¢ > 1 andZ(v) = 1 — ¢ M=%, Finally, let f be the probability density function of the paX,(Y) = (V + Ny —
1/mV + Nz —1/m).

Properties 1, 2 and 3 are trivial and can be immediately aebck

Forv € [0, 1], let fxy(IV = v) and fy(-[V = v) be respectively the probability density functionsXfandY
conditioned on the event th&t = v. In order to establish the remaining properties, obseraefihy(x | V = v) =

fav(z|V =0) =



fayv(X—v+1/m|V =v)if x+ 1/m> v and 0 otherwise. Equivalentlfy(y | V =v) = fyy(y —v+1/m|V = o) if
y +1/m> v and O otherwise. Consider now the tripk ¥, V). The joint density function of this triple is

fvv(Xy,0) = v (X1 Y =3,V = 0) - fyy(y |V = 0) - fy(v).
Note thatfxyv(X| Y =y, V =v) = fxv(X |V =v) if min{x, y} + 1/m > v and O otherwise. Then
fxy\(yv(X, Y, v) = fN‘V(X— v+ 1/m | V = v) . fN‘V(y -0+ 1/m | V= l)) . fv(l)).

if min{x, y} + 1/m > v and 0 otherwise. Hence, we can compfites follows:

a+1/m v
f(xy) = f fxyv (X y,v)do = n—(ci c ) f c?
/ —_

1/m UZZ(U)Z

wherea = min{l — 1/m, x, y}. Note that the integrated function is continuous and pasiti the interval in which it is
integrated. Hence, the integral turns out to be non-zemmmRhis, we observe thd{(x, y) is continuous and nowhere
zero on [Q1]?, satisfying Property 4.

Let us now derive the conditional probability density fuoos. By symmetry it will be sfiicient to focus only on
fx‘y.

1 In(c a+1/m fod
fxv(X1Y =y) = f fxvv(X1Y =y, V =0) - fy(v)dv = m—() et f
1/m - 1

1 /m UZZ(v)dU
mzc’\’I In(c)
f” (mz+ 1)2(01— 1)

It is now obvious that the conditional probability densitin€tions are continuous and nowhere zero, as desired by
Property 5.
Lety(2) = 1/((mz+ 1)%(c*% - 1)),9(a) = foa y(2)dzwith a € [0, 1] and leta’ = min{y, 1 — 1/m}. Then

Bav(X1Y = ) =
xv(X Y =) 1 g(@’), otherwise

m?cM In(c) o g(¥), ifx<ea;
- .

Moreover, we have that

1
1-Fxy(x|Y=y) = f fxv(z] Y = y)dz
X

_mMIne) [ [ cFg(@dz+ g(o) [F oz if x< s
m-1 |g() [, 'cdz= —g("’)frf;:)’ <) otherwise

Hence, the inverse hazard rate is

[(x) =

Y=y e O ’
= —C i
XY Yy TCR otherwise

1-Fxy(X|Y =y) {J;/ Cozo) [ ez e a;
We prove that (X) is non-increasing irx in the interval [Q1] and thusf has the monotone hazard rate and is, as a
consequence, regular, as required by Property 6.

Clearly,|(x) is non-increasing ix in the interval f’, 1] since in this cas&(x) = (1 — ¢%)/ In(c). Moreover,| (x)
does not have discontinuities far= «o’. So, it is suficient to show that(x) in non-increasing also in the interval
[0, @’]. To this aim, observe that for< o/,

di  d [} cPg@dz+ g(o) [, c7dz

dx  dx c*g(X)
= c”‘g(x)i f" ’ c%g(2)dz- f ) c’zg(z)dzic’xg(x)
dx Jy X dx
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(9900 o f ¢z g(a') f izl g(x))/(c ().

Observe that, according to the second fundamental thedfreaiaulus,

ax |l ¢ *g(2)dz= —c"g(x),

whereas q
&C’xg(X) = ¢ y(x) - ¢ ¥g(x) In(c),

and & fal c2dz= 0. Then,

dx (x) c9(X) ()

The result then follows by showing thatx)/g(x) > In(c).
To this aim, let us consider the functigf(z) = ¢?(c? — 1)(mz+ 1)? for z € [0, X]. Note that

dy' (@
dz

di _ ((C) y(x))f cg(Qdz+ g(o') [ c7dz _1+(m(c) y())l()

2m+ mzlogc + logc

= <0,

= 2mamz+ 1) (1 -

) < 2mdmz+ 1)(1— W)

where we used the fact thiai> (c — logc)/2. Thus,y’(2) is non-increasing in its argument and, in particular,
Y (@) =¥ (¥ > (- 1) - 1)(mx+ 1)
By simple algebraic manipulation, it then follows thd) < y(x)c?/(c* — 1). Then

) _ (¥ S ¥(X¥) -1 In(o).
90 [y@dz [ Loy()dz foczdz

as desired. 1 L
Set nowC = In(c)/(m- 1) and leth(a) = m'n‘ /mayri/m zf >dv with a € [0, 1]. Note that integrated function

is positive for any € [1/m, 1]. Hence, the mtegral increases as the size of the interwelhich it is defined increases.
In other word, the functioh(a) is non-decreasing ia.
Consider now the two pair(y) and ’,y’). Moreover, letX’= maxx, X'} andX = min{x, X'} and, similarly,
definey andy. We show thaff (x, y) f (X', y’) < (X, y) (X, j), satisfying in this way also Property 7.
Indeed,
f(x ) f(X,y") = C2c X+ h(min{x, y})h(min{X, y'}).

If x> X andy > ¥’ (x < X andy < vy, respectively), thenk7) = (x,y) (X, y"), resp.) andX. ) = (X,y’) (X y),
resp.), and the desired result immediately follows. Suppostead that(y) = (x,y’) and K y) = (X, y). Then

(%, ) f(% i) = C2c O+ Iq(min(x, y’ })h(min{X, y}).

We will prove that in this cas&(min{x, y}))h(min{x’,y’}) < h(min{x, y’')h(min{x’, y}). First observe that on both
sides one of the two factors must bémin{x,y, X, y’}) = h(min{X,y}). Suppose without loss of generality, that
min{X',y} = y. Then it is stficient to prove thabh(min{x’,y’}) < h(min{x,y’}), or, sinceh in non-decreasing, that
min{x’, ¥’} < min{x, y’}. If x < y’, thenx’ < x <y’ by hypothesis and the claim follows. §f < x, then it immediately
follows that mir{X’, 5’} < y’. The case that(y) = (X', y) and K ) = (X, ') is similar and hence omitted.

Finally, observe that ligL,e fiyy(©0 | V = v) = 1 and lim. fyv(z | V = v) = 0 for anyz > 0. Hence,
Mo X =liMese Y=V —1/m.

Let us consider the case that the service carflaead to only one buyer. In this setting, the following is a diwemt
strategy IC and ex-post IR mechanism: fevs to buyer 1 the service at a price of the valuation of buyeririus
a fixed constan¢. For small enougle, e can be chosen arbitrarily small. Thus, for anthere exists a choice af
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such that in expectation this mechanism extracts as revahigt € of the social welfare. The expected optimal social
welfare (and thus the optimal expected revenue) is:

L oy—1/m In(m 1 _In(m-1)
OR=0SW= EUNfV[U— 1/m] = \fl‘/m (m_ l)vzdl)— m—1 - E] > ﬁ

A posted price mechanism willfier buyer 1 a pricgy; > 0, which the buyer subsequently accefits<i > p;. After
that, if buyer 1 rejects, the mechanisifiievs a pricep, to buyer 2. Thus, ip; € [0,1 - 1/m], then

P1Pru-t, [X > p1] = p1Prog [v > p1 + 1/m]

l : P1 1 1-p1 1
_ plfp””’" TR m—l(p1+1/m_1) Smo1Sm-1

Moreover, ifp; > 1 - 1/m, thenp,Pr,.¢[X > p1] = 0. Hence,

2
RM = piProlv > pu] + poProcflo < prnv > po < ——= + poPro[v > po] < —
Therefore:
lim RM _ lim R < lim =0
m—oo OR - m—oo OSW_ m—oo |n(m— 1) -
The case in which it can befered to both buyer is similar and omitted. m]

We note that above theorem can be easily extended to a anyemwhbuyers, by adding dummy buyers whose
valuation is independently drawn over the suppori]@&ccording to the probability density function
c*Inc
f(x) = ——.
» 1-ct
Note that, with this extension, the resulting distributiodoes not satisfy the symmetry condition anymore. In the

result of Roughgarden and Talgam-Caohen [2013], symmetigtimecessary for the optimality of the Myerson mech-
anism to hold.

3.2 Arevenue guarantee for sequential posted price mechams

In the previous section we have demonstrated that it is isiplesto have a sequential posted price mechanism extract
a constant fraction of the optimal revenue. More preciselgur example instances it was the case that the expected
revenue extracted by every posted price mechanis®{d alog(r)) fraction of the optimal expected revenue, where
is the ratio between the highest valuation and the lowesgt@in in the support of the valuation distribution. A natur
guestion that arises is whether this is the worst possilstainte in terms of revenue extracted, as a function dfe
show here that this is indeed the case, asymptotically: ¥eryevaluation distributionr, there exists a mechanism
that extracts in expectation at leasbél/ log(r)) fraction of the revenue of the optimal revenue. We notéithenany
realistic scenarios, we do not expect the extremal valoatid the buyers to lie too far from each other, because often
the valuation of a buyer is strongly impacted by prior obijecknowledge of the value of the service to be auctioned.
The results of this section are valuable when that is the case

We start with the unit supply case.

Definition 6. For a valuation distributionz on R", let v7* and v™" pe maxvi: v € supdn),i € [n]} and
minfmaxuvi: i € [n]}: v € supfn)} respectively. Lety = v7®/u™" be the ratio between the highest and lowest
coordinate-wise maximum valuation in the support of

Proposition 1. Let n € N;, and letr be a probability distribution orR". For the unit supply case there exists a
sequential posted price mechanism that, when run on insfgme, 1), extracts in expectation at least &{1/ 1og(r.))
fraction of the expected revenue of the expected optimélseelfare (and therefore also of the expected revenue of
the optimal dominant strategy IC and ex-post IR auction).

11



Proof. The proof use a standard bucketing trick (see, e.g., Bétetial. [2007]). Specifically, leM be the sequential
posted price mechanism that draws a vagtusiformly at random from the s& = {(v™"2": k € [[log(r,) — 17] U {0}}.
M offers pricep to all the bidders in an arbitrary order, until a bidder a¢sep

Let mmax be the probability distribution of the coordinate-wise rimaxm of 7. Note that|S| does not exceed
log(r™®). Therefore the probability thai is the highest possible value (among the valueS)ithat does not exceed
the value drawn frontmay, IS equal to 1 log(r,). More formally, letrs be the probability distribution from whichis
drawn; then

1

log(rx)”
Thus, with probability % log(r,), the mechanism generates a revenue of exafth?, wherek is the number such
that the value drawn frompay lies in between™"2¢ andy™2k1, This implies that with probability Alog(r,) the
mechanism generates a revenue that lies a factor of at nf@siay from the optimal social welfaf@PT(?) (i.e., the
coordinate-wise maximum valuation):

Prymac s pors [P < 0N (AP €S p' > pAap < o™ <

1 1 1
WEEJNH[OPT(@] > MEJNK[OPT(@I o

This result can be generalized to yield revenue bounds éocése ok-limited supply, wherk > 1. We prove a
more general variant of the above in Apperidix B.

The above result does not always guarantee a good reveruexdmple in the extreme case whefd = 0.
However, it is straightforward to generalize the above theosuch that it becomes useful for a much bigger family
of probability distributions: leb andv'be two any two values in the support@fax, and letc(v, v) = Prymac,, [0 <
v < §]. Then by replacing the value®® andv™" in the above proof by respectivehahdy; we obtain a sequential
posted price mechanism that extracts in expectatiofd,&)/(2 log(@/0)) fraction of the optimal social welfare. By
choosingv™andv’such that this ratio is maximized, we obtain a mechanismektacts a significant fraction of the
optimal social welfare in any setting where the valuaticstréhution of a buyer is concentrated in a relatively not too
large interval.

A better result can be given for the unlimited supply case.

E;..[revenue ofM(v)] >

Definition 7. For a valuation distributionr onR" and any i€ [n], let o and v;’ji‘” be maxu;: ¢ € supgr)} and

min{v; : 7 € supgr)} respectively. Lety; = vfﬂ?"/v{ﬂ{”, be the ratio between the highest and lowest valuation ofiduye
in the support ofr.

Proposition 2. Let n € N1, and letzr be a probability distribution orR". There exists a sequential posted price
mechanism that, when run on instar{oer, n), extracts in expectation at least &{(1/ log(maXr,;: i € [n]})) fraction

of the expected revenue of the expected optimal socialredlad therefore also the expected revenue of the optimal
dominant strategy IC and ex-post IR mechanism).

The proof (found in Appendik El1) applies similar technigwes is done in the proof of Propositibh 1. The
techniques used for proving these results can be appliedgmie the approximation guarantees for the more general
k-limited supply setting, for ank € [n], under special conditions. We give an example of such dtriestippendixB.

Clearly, the stated bound @i(1/log(maXr.;: i € [n]})) is very crude. For most practical settings we expect that
it is possible to do a much sharper revenue analysis of thénamegms in the proofs of the above propositions, by
taking the particular valuation distribution into accoultoreover, as suggested above, also for the unlimited guppl
case it is possible to tweak the mechanism in a straightfiatway in order to achieve a good revenue in cases where
the ratiosr,; are very large. Finally, note that the mechanisms in the fsrobthese two propositions do not take
into account any dependence and correlation among thetiaigaof the buyers. When provided with a particular
valuation distribution, a better revenue and sharper aigigay be obtained by taking such dependence into account,
and adapting the mechanisms accordingly.

4 Enhanced sequential posted price mechanisms

The negative results on sequential posted price mechamsisggest that it is necessary for a mechanism to have a
means to retrieve the valuations of some of the buyers inrdodenprove the revenue performance. We accordingly
propose a generalization of sequential posted price mésrhanin such a way that they possess the ability to retrieve
valuations of some buyers.

12



Definition 8. An enhanced sequential posted price mechari@nan instancegn, r, k) is a mechanism that can be
implemented by iteratively selecting a buyer|[in] that has not been selected in a previous iteration, and peviftg
exactly one of the following actions on buyer i:

e Propose service at price o buyer i, which the buyer may accept or reject. If i accepésgets the service and
pays p, resulting in a utility ofy; — p; for i. If i rejects, he pays nothing and does not get the serviesulting
in a utility of O for i.

e Askii for his valuation (in which case the buyer pays nothing does not get service).
Randomization is allowed.

This generalization is still dominant strategy IC and estpR (that is, the revelation principle allows us to convert
them to dominant strategy IC, ex-post IR direct revelati@thanisms). Indeed, for enhanced sequential posted price
mechanisms, when a buyer gets asked his valuation, he has@aative to lie, because in this case he does not get
service and he pays nothihg

Next we analyze the revenue performance of enhanced ségjusmsted price mechanisms. For this class of
mechanisms we prove that, it is unfortunately still the dhse no constant fraction of the optimal revenue can be
extracted. Specifically, the next section establishe3(arn) bound for enhanced sequential posted price mechanisms.
However, enhanced sequential posted price mechanismsuiito be more powerful than the standard sequential
posted price. Indeed, contrary to what we had for the formespthe enhanced mechanisms can be shown to extract
a fraction of the optimal revenue that is independent of @daation distribution. More precisely, th@(1/n) bound
turns out to be asymptotically tight. Our main positive tefar enhanced sequential posted price mechanisms is that
when dependence of the valuation among the buyers is ligiteth a constant fraction of the optimal revenue can
be extracted. Specifically, in Sectibn 4.3 we define the goinekd-dimensional dependence and prove that for an
instance i, 7, k) wherer is d-dimensionally dependent, there exists an enhanced stgjysrsted price mechanism
that extracts arf2(1/d) fraction of the optimal revenue. (This result implies tHaimed Q(1/n) bound by taking
d=(n-1))

It is natural to identify the basic reason(s) why, in the cafsgeneral correlated distributions, standard and en-
hanced sequential posted price mechanisms fail to achievastant approximation of the optimum revenue. There
are two main limitations of (enhanced) sequential postapnechanisms; namely, 1) such mechanisms do not solicit
bids or values from all buyers, and 2) such mechanisms awamsiin a sequential manner. Although it is crucial
to retrieve the valuation ddll (but one of the) buyers, we now show, in contrast to previokisbwn approximation
results, that it is possible to achieve a constant fractich® optimum revenue by a mechanism that allocates items
sequentially, and moreover, in an on-line manner. Spetifiege consider the following superclass of the enhanced
sequential posted price mechanisms.

Definition 9. Let(n, r, k) be an instance and let |\4 be a mechanism for that instance. &gsm M is ablind offer
mechanisniff it can be implemented as follows. llebe the submitted bid vector:

1. Terminate ib ¢ supgn).

2. Either terminate or select a buyer i from the set of buykeat have not yet been selected, such that the choice
of i does not depend dn

3. Propose buyer i toffer service at price p where pis drawn from a pgobability distribution that depends only
onm g (hence the distribution wherg {3 drawn from is determined by ; and in particular it does not depend

on h).
4. Go to ste if there is supply left, i.e., if the number of buyers who haseepted gers does not exceed k.
Randomization is allowed.

Remarkl. The price dfered to a buyer is entirely determined by the valuations efrémaining buyers, and is
independent of what is reported by buyé&imself. Also the iteration in which a buyer is picked canbetnfluenced
by his bid. Nonetheless, blindfer mechanisms are in general not incentive compatible dtteetéact that a bidder

4A problematic aspect is that while there is no incentive taigeb to lie, there is also no incentive to tell the truth. Tiisblem is addressed in
AppendixQ
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may be incentivized to misreport his bid in order to increteeprobability of supply not running out before he is
picked. However, blind fier mechanisms can easily be made incentive compatiblelag/folletM be a non-IC blind
offer mechanism, Ie be a bid vector and IeI(B) be the probability thai picks bidder before supply has run out.
When a bidder is picked, we addgtby skippingthat bidder with a probabilitpi(B) that is chosen in a way such that
zi(B) pi(B) = min{zi(biB,i): bi € suppfr)}. This is a blind dfer mechanism in which buyérhas no incentive to lie,
because now the probability thas made an fier is independent of his bid. Doing this iteratively for aliyjers yields

a dominant strategy IC mechanisvii. Note that the act akippinga bidder can be implemented bffering a price
that is so high that a bidder will never accept it, tidsis still a blind dfer mechanism. Moreover, if the probability
that any bidder irM is made an fier is lower bounded by a constantthen inM’ the probability that any bidder is
offered a price is at least We apply this principle in the proof of Theorédrh 4 below in @rdo obtain a dominant
strategy IC mechanism with a constant factor revenue paEtnc.

It is well known under the name of thtaxation principlethat a mechanism is dominant strategy IC if and only
if it can be implemented by an algorithm that works as follo\iy the buyers arsimultaneouslhypresented with a
payment that does not depend on their own bid; (ii) the iteresaflocated to the buyers for which the profit, i.e.,
the ditference between the bid and the price, is maximized. Thigithgoclosely resembles the description of blind
offer mechanisms. However, we would like to emphasize thaether some significantfiiérences. First, using the
taxation principle, prices are set in advanceong service, whereas in blindfer mechanisms prices are presented
sequentially, thus the pricetered to tha-th buyer can depend on the decisions taken by the previoesfuSecond,
using the taxation principle the winners are chosen at tlig whereas in blind ffer mechanisms the winners are
decided on-line, so that it is possible that items are alxtto buyers without maximizing the profit. Hence, there are
dominant strategy mechanisms cannot be implemented akdsfer mechanisms.

A blind offer mechanisms preserves the same conceptually simpldusguas standard and enhanced posted
price mechanisms, but it bases its proposal to a bugerthe set ofall valuations other than that of whereas an
ESPP mechanism bases its proposal to a bugely on the valuations that have bemwealedby buyers inprevious
iterations. This increases the power of blinfleo mechanisms: for example, it is not hard to see that theickls
Myerson mechanism for thedependensingle-item setting belongs to the class of blinteo mechanisms. Thus
blind offer mechanisms are optimal when buyers’ valuations are gnti#gnt. We will prove next that, even when
buyer valuations areorrelated blind offer mechanisms can always extract a constant fraction offitiemal revenue,
even for the ex-post IC, ex-post IR solution concept. Foralated valuation distributions, other mechanisms that
achieve a constant approximation to the optimal revenue bagn defined 01], and the etal.
[2014] and Dobzinski et al. [2011]. However, these mechasjsas in the taxation principle setting, allocate the items
to profit-maximizing buyers. Thus, they ardfdrent from blind éfer mechanisms in which the allocation is on-line.

4.1 Limitations of enhanced sequential posted price mech&@ms

Here we show that enhanced sequential posted price menismn@nnot extract a constant fraction of the expected
revenue of the optimal dominant strategy IC, ex-post IR ma@ms. This is done by constructing a family of instances
on which no enhanced sequential posted price mechanismectormp well.

Theorem 3. For all n € N,,, there exists an valuation distributionsuch that for all ke [n] there does not exist
a enhanced sequential posted price mechanism for instameek) that extracts more than a(@/n) fraction of the
expected revenue of the optimal dominant strategy IC, skipomechanism.

Proof. We prove this for the case &f= n. The proof is easy to adapt forftBrentk.

Letn € N andm = 2". We prove this claim by specifying an instankewith n buyers, and proving that
limn_o0 RM(1,)/OR(1,)) = 0, whereRM(l,)) denotes the largest expected revenue achievable by aapesthsequential
posted price mechanism ¢ andOR(l,) denotes the largest expected revenue achievable by a donsinategy IC,
ex-post IR mechanism.

I, is defined as follows. Let € R.g be a number smaller thanin?. The valuation distributionr is the one
induced by the following process: (i) Draw a buyiérfrom the set fi] uniformly at random; (ii) Draw numbers

5More precisely, for the particular (non-truthful) blindfer mechanism that we propose and analyze in selcfion 4.2| tuwi out that applying
the transformation described here does not result in anjiaail loss in revenue.
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{cj: j € [n] \ {i*}} independently fromrfi] uniformly at random; (iii) For allj € [n] \ {i*}, setvj = ¢je; (iv) Set
1
(Z et Cj)modm +1

Observe that for this distribution it holds that for ak [n], the valuatiory; is uniquely determined by the valuations
(v)ijemviy- The optimal (direct revelation) mechanism can therefotteaet the total optimal social welfare as its
revenue, as follows: it provides service to every buyer, setd the payment as follows. Liatbe the bid, i.e., the
reported valuation, of buyér Then,

)

Vjx =

o if bj < 1/mforall j e [n] \ {i}, charge a price of ¥ (X jemyiy bi/e)_, +1);

modm

o otherwise, if there is a buygre [n]\{i} and a numbet; € [m] such thab; = 1/ ((ci + 2eelnisj) bg/E)
then charge the pricecie;

+1),

modm

e otherwise, the mechanism charges arbitrary price.

This mechanism is dominant strategy IC because the mechamnigcision to provide service to a buyer does not
depend on his bid, and the price that a buyer is charged isepardient on his own bid. This mechanism is ex-post
IR because bidding truthfully always gives the buyer atytitif 0. This mechanism achieves a revenue equal to the
optimal social welfare because (by definition of the pricifg) the price that a buyer is charged is equal to the
valuation of that buyer, if all buyers bid truthfully. Alsapte that the third bullet in the above specification of the
mechanism will not occur when the buyers bid truthfully, amdnly included for the sake of completely specifying
the mechanism.

We argue thaOR(In) = Ejr [Zien vil = Yicpn Evrltil = (0~ 1)me/2 + Hm/m, where the last equality follows
because the expected valuation of each of the buyenss1()/n)(me/2) + (1/n)(Hm/m). This in turn holds because a
buyer is elected as buygr with probability 1/n, and buyei*’s marginal distribution is the distributiorf induced by
drawing a value from the s¢t/a: a € [m]} uniformly at random. The latter distribution has alreadgtencountered
in the beginning of Sectidn 3.1, where we concluded thavipeeted value i$iy,/m.

We now proceed to prove an upper boundrRi¥(1,). Let M be an arbitrary enhanced posted price mechanism.
BecauseM is randomized, runninfyl onl, can be viewed as a probability distribution on a sample spadetermin-
istic enhanced posted price mechanisms that are rup. dife analyze the revenue of the mechanism conditioned on
three disjoint events that form a partition of this samplacgp Consider first the eveRt that buyeii* gets asked for
his valuation (when runninyl on I,). Conditioned on this event, the mechanism does not atteéwenue of more
than i — 1)me because the revenue of each buyemin\[{i*} is at mosime.

Consider next the evel, where buyer* does not get asked for his valuation and buyés not the last buyer that
is selected. Then a priga- is proposed té*. Without loss of generalityyl drawsp;« from a probability distribution
Pi~ with finite support, and the choice of distributié® depends on the sequenSeof buyers queried prior to*
together with the responses of the buyerSiThese responses take the form of a reported valuation énaclhsyer in
S is asked to report his valuation, and the form of an ag¢ogjptt decision otherwise. Becau$éas not the last buyer
selected,ifi] \ (S U {i*}) is non-empty, and there exists a buyer[n] \ (S U {i*}) such that the choice d¢%- does not
depend or;. By the fact that; is drawn independently and uniformly at random framj for all j € [n] \ (S U {i*})
and by [2), the marginal probability distribution of the wafion of buyei* conditioned orE,, is #’ (which we defined
above). Therefore

1
Ep. - iorl P+ Prvie < pis]] = Ep, <p, gor [P+ Prlvi- < pi]] = =

where the last equality follows frorl(1). Thus, the expecezgnue oM conditioned orE; is at most Im+(n—21)me.

In the evenks, the mechanism seledtslast. The expected revenuefconditioned on this event is at most the
expected maximum social welfare1 £ 1)me/2 + Hy,/m. The probability of eveniE; occurring is ¥n, because of the
following. For¢ € [n], let Eg be the event that is not the/-th buyer selected biyl, and IetE;" be the event that is
not among the firsf — 1 buyers selected byl. Note that this means tth[E;l] = 1. Then,

Pr[Es] = PrES"] = PrES ™ | E5""IPr[Es™ "] = [ | PriESIES.
te[n-1]
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For every? € [n—1], and every se6 of £ — 1 buyers, it holds that i ¢ S andM selectsS as the first — 1 buyers, the
probability of selecting buyer as thef-th buyer is ¥(n— (¢ — 1)), by the definition ofr (particularly because buyer
i* is a buyer picked uniformly at random). Therefore,

1 n-¢ 1
Pr[Es] = Pr[E3"] = (1— 7) = _— ==
[el[n_—ll] n-—(-1) zEl[n_—[u n-¢+1 n

Thus, we obtain the following upper bound BM(1):

1 1/(n-1me Hp
< — _ — 7 -
RM(I,) < Pr[Ei](n— 1)me + Pr[Eg] (m +(n 1)me) + n( 5 + o )
< 1+2(n—1)me+E+m s3(n—1)me+ﬂ+1.
m 2 mn mn m
This leads us to conclude that
RM(I,) < 3nme + Hpy/mn+ 1/m _ 3nmfe + Hp/n+ 1 < Hm/n+ 4 _ } N 4 <O } . 5

4.2 Revenue guarantees for blind fier mechanisms

We prove in this section that blindfer mechanisms can always extract a constant fraction of gtimal revenue,
without making any assumptions on the valuation distrdnutiSpecifically we prove the following theorem.

Theorem 4. For every instancén, z, k), there is a dominant strategy IC blingfer mechanism for which the expected
revenue is at least @ — v/€)/4 ~ 0.088fraction of the maximum expected revenue that can be egttdmt an ex-post
IC, ex-post IR mechanism. Moreover, iEkn, then there is a blindffler mechanism for which the expected revenue
equals the full maximum expected revenue that can be eatthgtan ex-post IC, ex-post IR mechanism.

We need to establish some intermediate results in orderitd bp to a proof for the above theorem. First, we
derive an upper bound on the revenue of the optimal ex-pogX{{post IR mechanism. For a given instanaer(k),
consider the linear program with variableg(®))icn sesuppe) Where the objective is

maXZ Z 7-i(0-1) Z Pry ., [vi > vilviyi(vi, 0-) 3)

i€[n] #_;esuppfr_i) viESUppei ;)

subject to the constraints

vienliiesuppe): Y. w@ <1, @

Vi ESUPPLi g ;)

voesupp@): Yy, > uilfi) <k (5)

i€[n] viesuppfig ;) v <vi
Vi e [n], 7 e suppf): yi(¥) > 0. (6)

The next lemma states that the solution to this linear prmogams an upper bound on the revenue of the optimal
mechanism, and that the solution to the above linear proggamtegral in cas& = n.

Lemma 1. For any instancén, =, k), the linear program[{836) upper bounds the maximum expeetashue achievable
by an ex-post IC, ex-post IR mechanism. Moreover, whem khe optimal solution td{836) is to sg(v;, 7_;) to 1 for
the valuev that maximizesiPr, ., [v] > vi] (for alli € [n], 7 € supg{n)).

Proof sketch.Integrality fork = n is the easiest to prove among these two claims, so we do that fiote that in
casek = n, we can safely remove the constrairits (5) from the lineaggam, because whdn= n these constraints
are implied by[(#) and_{6). The linear program that remailis tes how to optimize a sum of convex combinations of
values. That is, it @ectively tells us to pick for eache [n] andv_; € supp{-i) a convex combination of the values
{uiPrUi/N,rithi [v] > ui]}vi/esupp@m). The optimal solution is therefore to put weight 1 on the maxin values in these sets,
i.e., to sety;(vi, v_;) to 1 for the valuey that maximizesriPr,)i/N,mti [v] > vi].
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To prove the first of the two claims in the lemma, we first prdwat 2 monotonicity constraint holds on the set of
possible allocations that a ex-post IC, ex-post IR mechacasn output. Moreover, we show that the prices charged
by the mechanism cannot exceed a certain upper bound givemus of allocation probabilities. Then, we formulate
a linear program whose optimal value equals the revenuesafptimal ex-post IC, ex-post IR mechanism. We finally
rewrite the latter linear program intgl (3-6). This proofieslon the approach introduced in_[Gupta and Nagarajan,
2013, Section 4.2]. O

We can now proceed to prove our main result about bliffieranechanisms. We first handle the case of unlimited
supply. Consider the following blindffer mechanism.

Definition 10. Consider an instancén, 7, n). Fori e [n] andd_; € supgr_), fix piz, to be any value in the set
arg, max{pPr, ., [p<wvi]: p€R}. Define M to be be the following blinder mechanism for allocating service to
n buyers when the valuations of these buyers are drawn Aom

Letb be the submitted vector of bids. Foei[n], if b_; € supgr_;) and b > ps.. then M gives service to i
and charges i the pric@i,&i. If b < pi,B,i’ then the price charged to i is 0, and i is not given servicehedwise, if

b_i ¢ supr_i), the price charged to i i® and i is not allocated service.

Lemma 2. For instancen, &, n), mechanism Wextracts the maximum revenue among the class of ex-post-inst
IR mechanisms.

Proof. Denote byp;(v) the price charged to buyéee [n] when the buyers have valuation vectos suppfr). We can
write the expected revenue bf! as follows:

Esr {Z pi@} =Y B dp@ =) > a@p@)

ietn] ieln] i<In] desuppt)

_ Z Z 7 (0-)PTymy [0i > P 1Pis, -
ie[n] ;esuppgr_i)

Lastly, by Lemm&ll and the objective functi@h (3) of the lingangram, we conclude that the latter expression is equal
to the solution of the linear program, which is an upper boondhe optimal revenue among all ex-post IC, ex-post
IR mechanisms by Theordm 1. o

For the case ok-limited supply wherek < n, things are somewhat more complicated. Indeed, there dutes n
seem to exist a blindfter mechanism as simple and eleganiis However, we are still able to define a blinffer
mechanism that extracts a constant fraction of the optimadrue.

Definition 11. Let(n, 7, k) be an arbitrary instance. Léy; ())icin) be the optimal solution to the linear prografj [3—6)
corresponding to this instance.

Let MX be the blind gfer mechanism that does the following: itbe the vector of submitted valuations. Iterate
over the set of buyers such that in iteration i, buyer i is pitkin iteration i, select one of the following optiongfes
service to buyer i at a price p for which it holds thgt(p, B_i) > 0, or skip buyer i. The probabilities with which
these options are chosen are as follows: price pffsred with probabilityy; (p, B,i)/z, and buyer i is skipped with
probability 1 — Zp’esup[(n“; Hi(p, B_i)/z. The mechanism terminates once k buyers have acceptegfieanoo when
iteration n+ 1 is reached.

Lemma 3. On instancen, r, k), the expected revenue of blingier mechanism Klis at least a2 — /€)/4 ~ 0.088
fraction of the expected revenue of the optimal ex-postiaast IR mechanism. Moreover, there existoainant
strategy ICblind offer mechanism of which the expected revenue is at leg8t-a+/€)/4 ~ 0.088fraction of the
expected revenue of the optimal ex-post IC, ex-post IR méerha

Proof sketch.We will show that the expected revenueMf is at least

2- e
4

Aa@) Y Py, [ = olug; (@, 020,
ie[n] 7 esupptr_;) viESUPPGi ;)
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which, by LemmalL and the LP objective functiah (3), is a-(2/€)/4 fraction of the expected revenue of the optimal
ex-post IC, ex-post IR mechanism.

For a vector of valuations € suppfr) and a buyer € [n], denote byD; ;, the probability distribution from which
mechanisnMX(?) draws a price that isfeered to buyet, in case iteratiom € [n] is reached (as described in Definition
[@T). We letV be a number that exceeds njaxi € [n],7 € suppfr)} and represent by the option whereMX(?)
chooses to skip buyeyso thatD; ;. is a probability distribution on the s€¥} U {v;: y; (v, 7—j) > 0}. Then,

piy; (pi, Ui :
Ey..[revenue oMK (@)] > § § n(0) § lfprviipwf’mi““ ein-1l:pj<vll<K. ()
i€[n] vesupp() piesuppPis.;)
L Pi<uvi

Then, by applying a Chertfitbound, we can prove that

. e\k2 e\l’2 2-+e
Prvi;piNDmi[Hje[n—l]:p,—SUj}|<k]21—(Z) 21—(—) _2- Ve

. 8

4 2 ®)
The first of the two claims of Theorelm 3 follows by combiniby &nd [8). For the second claim, note tHat (8) gives
a lower bound of (2= +/€)/2 on the probability that all players get selected by the rasigm. Therefore, we can
combine[(B) with the principle explained in Rematk 1 thaba# us to transfornviX into a dominant strategy IC blind
offer mechanism. The second claim follows by observing fAast{Irholds for the transformed mechanism. O

Theoreni# now follows by combining Lemmids 2 &d 3. We notettimapproximation factor of the theorem is
certainly not tight and can be improved with additional woHor example, it is possible to show that foe 1 the
revenue oMK is in fact at least 34 of the optimal revenue. Moreover, recall that mecharligfiworks by scaling the
probabilitiesy;(¥) down by /2. By making this scaling factor dependentloand choosing it appropriately, we can
improve the approximation factor further. We emphasizé tifia focus and purpose of the above result is merely to
show that a constant factor of the optimal revenue (indegetaf the supplk) is achievable.

4.3 Revenue guarantees for enhanced sequential posted @imechanisms

Finally, in this section we evaluate the revenue guarardtt®e enhanced sequential posted price mechanisms in the
presence of a form of limited dependence that we will dadimensional dependender d € N. These are probability
distributions for which it holds that the valuation distrtton of a buyer conditioned on the valuations of the rest of
the buyers can be retrieved by only looking at the valuatfres certain subset af buyers. Formally, we have the
following definition.

Definition 12. A probability distributionr onR" is d-dimensionally dependeif for all i € [n] there is a subset
Si c [n] \ {i},|Si| = d, such that for alb’_j € supdr_;) it holds thatzri,v»si =Tz,

Note that ifd = 0, thenrx is a product oh independent probability distributions @ On the other hand, the set
of (n—1)-dimensionally dependent probability distributionsRihequals the set of all probability distributions BA.

This notion is useful in practice for settings where it is exiged that a buyer’s valuation distribution has a reasgnabl
close relationship with the valuation of a few other buyés.an example of one of these practical settings consider
the case that there is a true valuaticior the item, an expert that keeps this valuation, and remgibuyers whose
valuation is influenced by independent noise. It is theffigant to know the valuation of a single buyer, namely the
expert, in order to retrieve the exact conditional disttifa of any other buyer. We would like to stress that in order t
make this distribution 1-dimensional dependent, it iffisient that such an expert exists, even if auctioneer does not
know which buyer is the expert. Moreover, our definition ahdnsional dependence is quite inclusive; for example,
in the example above, even if each bidder picks their own gl adds noise to the valuation of their expert, the
distribution would remain 1-dimensionally dependent.

In generald-dimensional dependence is relevant to many practicahgstin which it is not necessary to have
complete information about the valuations of all the othgrdys in order to say something useful about the valuation
of a particular buyer. This rules out the extreme kind of dej@nce defined in the proof of Theoré€in 3; there the
distributions are notr(— 2)-dimensionally dependent, because for each buyéolds that the valuations of all buyers
[n] \ {i} are necessary in order to extract the valuation distributio conditioned on the others’ valuations.

It is important to realize that the class @fdimensional dependent distributions is a strict superktte class of
Markov random fields of degree &\ Markov random field of degreé is a popular model to capture the notion of
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limited dependence, and for that model a more straightfahyweocedure than the one in the proof below exists for
obtaining the same revenue guarantee. However, the natidrdonensional dependence is both more natural (for
our setting) and much more general. In fact, we show in AppeBtithat there exist distributions oR" that are
1-dimensionally dependent, but are not a Markov random @iettegree less tham/2.

In a sense, our definition @-dimensional dependence resembles the limited dependenciion under which
theLovasz Local Lemmiaolds.

The main result that we will prove in this section is the faling.

Theorem 5. For every instancén, , k) wherer is d dimensionally dependent, there exists an enhancedkstgl
posted price mechanism of which the expected revenue iasttd¢2 — +/e)/(16d) > 1/(46d) € Q(1/d) fraction of
the maximum expected revenue that can be extracted by amsekdy ex-post IR mechanism. Moreover, ik, then
there exists an enhanced posted price mechanism of whickxfiexted revenue is at leastla4d) fraction of the
maximum expected revenue that can be extracted by an exdp@st-post IR mechanism.

A corollary of this theorem is that the bound of Theofdm 3 iggstotically tight.

Corollary 1. For every instancén, z, k) there exists an enhanced sequential posted price mechafisrich the
expected revenue is at least¥1/n) fraction of the maximum expected revenue that can be egttdnt an ex-post
IC, ex-post IR mechanism.

For proving our main result on enhanced sequential posied prechanisms, we make use of our insights about
blind offer mechanisms. The next lemma shows how we can convert Hiiadrnechanisms into enhanced sequen-
tial posted price mechanisms while losing only a factor pddlof the revenue, if the valuation distribution ds
dimensionally dependent.

Lemma 4. Leta € [0, 1] and let(n, 7, k) be an instance whereis d-dimensionally dependent. If there exists a blind
offer mechanism that extracts in expectation at leastrdraction of the expected revenue of the optimal dominant
strategy IC, ex-post IR mechanism, then there exists anneeldesequential posted price mechanism that extracts in
expectation at least a/ max4d, 1} fraction of the expected revenue of the optimal ex-postiast IR mechanism.

Proof. Let M be a blind dfer mechanism that extracts in expectation at least fiaction of the expected revenue of
the optimal dominant-strategy IC, ex-post IR mechanisnt. pi_'\’é(ﬁ) be the expected price paid to mechanishby
buyeri € [n] wheny are the reported valuations. Lgt [0, 1] and consider the following enhanced sequential posted
price mechanisnMy: the mechanisnv, first partitions fi] into two setsA andB = [n] \ A. It does so by placing each
buyer independently with probabilityin setA, and placing him in seB otherwise. Then, the mechanism retrieves
the vectoa by asking the buyers iA for their valuations. The existence bf implies the existence of a blindfer
mechanisnmiMg that only makes fders to buyers ifB such that the expected pripg's(ﬁ) paid toMg by a buyer inB is
at leastp! (2) (this can be achieved by doing the samevasut refraining from @fering to buyers irA). Mechanism
My offers each buyere B a price that is determined by simulatiig as follows: make the same decisionshag
would, except for that anfter of Mg is skipped ifz; 7, # 7 3,.

Let P be the distribution (induced by mechanidvly) on the set of partitions ofn] into 2 sets. Foi € [n], let
Si € [n] \ {i} be the set ofl buyers such that; ;, = iz, forall € R". ForT c [n], let pi(T, 7) be the expected price
paid toMq by a buyeri € T, conditioned on the event thBt= T andS; C A. Note thatpi(T,?) > piMB(zT) > pM(@).
Therefore, the expected revenueldf is

>, @) Priaselic BASICApBY= ) (@ Y (1-dd’p(B.0)

vesupp) ien] esupptr) ie[n]
>(1-aq" > @) '@
vesupp(fr) ie[n]

The last (double) summation is at leastimes the expected revenue of the optimal dominant strdteggx post IR
mechanism, by definition dfl. Therefore, this mechanism extracts at leastayjfi°e fraction of the optimal revenue.
Ford = 0 it is optimal to sety = 0, which results in an enhanced sequential posted price anésh whose revenue
is a-approximately optimal. Fod = 1 it is optimal to sej = 1/2, which results in aq/4)-approximately optimal
enhanced sequential posted price mechanismdEorR settingg = 1 — 1/d will achieve the desired approximation
ratio, since lim_.(1 — 1/d)4 = 1/e. Moreover, (1- 1/d)¢ is increasing ird, and equals M ford = 2. m|
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We note that in the above proof it is easy to see that we camdsethe fractioq of buyers being probed for their
valuation at the cost of worsening the approximation guaen
Theorent b directly follows by combining the lemmas above.

5 Open problems

Besides improving any of the approximation bounds that wabdished in the present paper, there are many other
interesting further research directions. For example,dtid be interesting to investigate the revenue guarantees
under the additional constraint that the sequential pgstieé mechanism berder-oblivious i.e., the mechanism has

no control over which buyers to pick, and should perform vi@llany possible ordering of the buyers. We are also
interested in resolving some questions regarding the usanafomization in our enhanced posted price mechanism
that extract€D(1/d) of the optimal revenue: in the current proof it is necessargick buyers uniformly at random.
Does there exist a deterministic enhanced sequentialgppstee mechanism that attains the same revenue guarantee,
or is randomness a necessity?

An obvious and interesting research direction is to ingesé more general auction problems. In particular, to
what extent can extended SPP mechanisms be applied toraibtwing non-identical items? Additionally, can such
mechanisms be applied to more complex allocation conssrainspecific valuation functions for the buyers? The
agents may have, for example, a demand of more than one iteéhere may be a matroid feasibility constraint on the
set of buyers or on the set of items that may be allocated.
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APPENDIX

A Continuous distribution properties

Let 7 be a valuation distribution on [@]", with & € Ry for i € [n], with density f that is continuous and nowhere
zero. Distributionr is said to satisfygffiliation iff for every two valuation vectorg @ € suppf) it holds thatf (s A
W) f(@v w) > f(0)f(w), wherei' A @ is the component-wise minimum afd @ is the component-wise maximum. For
i € [n] and?_; € suppfr_;) theconditional marginal density function(f_;) is defined as

. f(vi, -
fi(vi | 054) = ('7J)
U_

J5 f(t2-)dt

theconditional revenue curve;B| v_;) is defined as
a
B 10-) =0 [ (eIt

and theconditional virtual valuep;(- | 7_;) is defined as

o Bl(Ul | 0-)
fi(oi | 02)

Denote byF;(- | 7_;) the cumulative distribution function correspondingf{e | 7_;). Distributions satisfiesegularity
if ¢i(- | i) is non-decreasing for alle [n] andv_; € suppfr-i) and it satisfies thenonotone hazard rateondition if
i) is non-increasing im for all i € [n] andi; € suppgr).

oilscussion and justification for the above notions is al@sif the scope of this paper, and we refer the interested

reader tol[Roughgarden and Talgam-Cohen, 2013].
Note thal Roughgarden and Talgam-Cohen [2013] proved thairfy distributionr that satisfies regularity and

affiliation the Myerson mechanism is ex-post IC, ex-post IR gutihtal among all ex-post IC and ex-post IR mecha-
nisms.

Givi | 0-) = —

B A sequential posted price mechanism for thé-limited setting

Definition 13. For a valuation distributionr onR", leto™*® andy™"® pe respectively the maX|mum kth largest and
minimum kth smallest valuation among the valuation vedtossipfgr). Let 1% = y1@® ;M0 e the ratio between
these values.

Theorem 6. Let ne N4, and letr be a probability distribution ofR". For any ke [n], there exists a sequential posted

price mechanism that, when run on instarfogr, k), extracts in expectation at least an( o™ U:ax ) fraction of

the expected revenue of the expected optimal social wéHarktherefore also of the expected revenue of the optimal
dominant strategy IC, ex-post IR mechanism).

Proof. Let M be the sequential posted price mechanism that draws a palngormly at random from the s& =
{U,T'”(k)zl tje [[Iog(r,(rk)) — 171 U {0}}. M offers pricep to all the buyers in an arbitrary order, urkibuyers accept.

Let mmaxg) be the probability distribution of thke-th highest value ofr. Note that|S| does not exceed Iod,()).
Therefore the probability thai is the highest possible value (among the valueS)ithat does not exceed the value
drawn frommmaxg), is equal to 1 Iog(r,(rk)). More formally, letrs be the probability distribution from whicpis drawn;
then

1
log(r®)

Thus, with probability 1 Iog(r,(,k)), the mechanism extracts from each winner a revenue of Igm%’f(")zi, where|j
is the number such that the value drawn fremg lies in between"®2i andy™®2i+1, This implies that with

P ymast) gy pons [P < 00 N (AP € S: > pap <0™W)] <
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probability 1/ Iog(r(k)) the mechanism extracts from buyex revenue that lies a factor @‘( ) ) away fromumax(l)

This leads to the conclusion that

max@()
E;..[revenue oM ()] > Q[ )

Z max(l)

K
log(r®) e e

v7r
whereW,, denotes the set of buyers for which the mechanlmallocates the service. The theorem then follows
sinceiaw, vr* W = Yicwee; r¥ M > OPT = ¥icw,., Ui, WhereWopr denotes the set of buyers at which the optimal
mechanism aIIocates the service, &ET is the social welfare achieved by the optimal mechanism. m]

We say that an instance,(r, k) is k-well-separatedf for any ¢ € suppfr) the k-th coordinate-wise maximum
v™@® s achieved only by a single buyer, i.e., the Sety; = o™, 7 € suppf)} is a singleton. Then we can prove
the following proposition.

Proposition 3. Let n € N4, and letr be a discrete probability distribution oR". For any ke [n], if the instance
(n, 7, K) is k-well-separategthen there exists a sequential posted price mechanispwthan run on instanc@, r, k),
extracts in expectation at least @1( ) - MaX[n 109 “rac ) fraction of the expected optimal social welfare (and
therefore also of the expected revenue of the optimal dmtmteategy IC and ex-post IR mechanism).

Proof. Sincer is discrete, let be the smallest ratio larger than 1 between two valuatian énsuppfr), i.e.,d =

min; j{vi/vj > 1: ¥ € suppfr)}. Considere < § and letM be the sequential posted price mechanism that draws a value
p uniformly at random from the s& = {vﬂ“i“(k)ej: j€ [rloge(r,(,k)) —17] U {0}}. Moreover,M draws for each € [n]

a valuep; uniformly at random from the s&; = {07'::”5[: ¢ € [llog, Um%] [log, Um% —17]}. M proposes prices to the
buyers in an arbitrary order, andfers pricep; to buyeri.

Let mmaxg) be the probability distribution of thieth coordinate-wise maximum af Note tha{S| does not exceed
Ioge(r,(,k)). Therefore the probability thai is the highest possible value (among the valueS)ithat does not exceed
the value drawn frommayg), is equal to 1 Ioge(r,(rk)). More formally, letrs be the probability distribution from which
p is drawn; then

1
log, (r¥)’

Thus, with probability 1log,(r¥), the mechanism selects = vI""®ei, wherej is the number such that the value
drawn frommmaxg lies in between™®ei and yM"®Weitl When this event occurs, since the instancé-igell
separated and by our choiceethe setWWy of buyers whose valuation is at leashas size exactlig and corresponds
of the setWopt Of buyers with thek highest valuation iV € suppf). Hence, with probability /lloge(r,(rk)) the
mechanisnmM extracts revenue only from buyers\ibpr.

Now, for anyi € Wopr, let ; be the probability distribution of thieth coordinate ofr. Note that|S;| does not

exceed Iog mam Therefore the probability thzﬂ is the highest possible value (among the value§;jrihat does not

Pr maxo [p<v™OnNFAp eS: p>pap <o™V)] <

~Tmax()P~7s

min(k)

exceed the value drawn from, is at least Iog e . More formally, letrs, be the uniform distribution o8; then

max()

Prym.pns [P < 0i 0 (AP € Sit P > pi A P < vj)] < log, Zmax )

i

. o max(q . )
Thus, with probablhtym -log, UUW the mechanism extracts from buyer Wopt a revenue of exactly min2’,
where( is the number such that the value drawn fronties in between; ,in2” andv; min2/+1. This implies that with

probab|I|ty ( 0.0 -log, = Umax the mechanism extracts from buyer Wopt a revenue that lies a factor of at mog1
away fromv. ThIS leads to the conclusion that

v7frna><0<)

Oge U,Tiax ZEinﬂi[vi]

E;..[revenue ofM(7)] > :
WZ log, (r¥)
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1 o
= Q (m . rl‘re][ﬁ.]xbg W] Z Eviwni[vi]

iemnl

] Es<[OPT()],

max()

) Q(Iog(rfr")) eI~ e

i

whereOPT(?) = Yiew,,, Ui denotes the optimal social welfare when the buyers havetialuvecton. ]

C Addressing some practical problems of enhanced sequentiposted price
mechanisms

The first problematic aspect is that while there is no ineenfior a buyer to lie, there is also no incentive to tell the
truth. Therefore, incentive compatibility is only achieMia weakly dominant strategies. We note that in the liteatu
many (or perhaps most) truthful mechanisms are only ingecbmpatible in the weak sense. Such mechanisms are
of theoretical interest, and may possibly be turned intoenpoactically satisfactory mechanisms.

In the case of enhanced SPP mechanisms, the lack of a strwergiire to be truthful only applies to those buyers
who are asked for their values, knowing they will not be aked the item. Such a buyer may not cooperate at all,
or in stating their value may not be truthful. The first prablean be resolved by compensating the buyer with some
fixed small amount of money that the auctioneer obtains frieenbiuyers who pay for the service. Having insured
some level of cooperation, how do we incentivize these tsigebe truthful?

Here is an example of such an adaptation of our enhanced SétRiniems that creates the proper strong incentive.
Suppose now that we have provided an incentive for everyrttoyreveal a valuation. Here is an example of such an
adaptation of our enhanced SPP mechanisms that create®ger ptrong incentive. At the start of the auction, using
a cryptographic protocol (or just a normal sealed envelopepsk each of the buyers for a sealed commitment of their
value. Furthermore, for buyers beinffered a price, with some (say small) probability, the buyestmaveal their
private valuation in order to be allowed the item. Now thisti®ngly incentive compatible if we assume buyers are
risk averse so that they will not over-bid their valuatiomefe is clearly no monetary reason for a buyer to under-bid.

D On d-dimensional dependence versus Markov random fields of deged

This section is intended for readers who are interestedemelative generality ofi-dimensionally dependence com-
pared to Markov random fields of degréeeWe assume that reader is familiar with the definition of Markandom
fields. For convenience we will state a weaker notion here.

Definition 14. Given a undirected graph G ([n], E), a probability distributionr onR" is alocal Markov random
field with respect t@s if the following property, nameldcal Markov propertyholds: for all i € [n], z; is independent
of 7\ iyury) when conditioning on all coordinates Ir(i). Here,I'(i) denotes the neighborhood of i in G.

(In a true Markov random field, two additional technical ctiioths, needs to be satisfied, called thairwise
Markov propertyand theglobal Markov property) We will give an example of a 1-dimensionally dependentritig-
tion that is not a local Markov random field with respect to gngphG in which all vertices have a degree less than
(n-2)/2.

Consider a distributiomr on {0, 1}™2. A vectorv drawn fromx is formed according to the following random
process: for all € [n] we are given 2 distinct probability distributions of0, 1}. We name these distributions® and
a1, fori e [n]. These distributions are such that both 0 and 1 occur witlitiwe probability. Let’ be a value drawn
from yet another distribution’ on{0, 1} where again both 0 and 1 have positive probability. The fiealgated vector
is then ¢, 02", ..., 0™, v/, v’), wherev" is drawn fromz'?',

n is clearly 1-dimensionally dependent, since ifer [n] the conditional marginal distribution, ;, is determined
by only the valuay’, which is the value of then(+ 1)-th coordinate. Also, the value of the € 1)-th coordinate is
entirely determined by then(+ 2)-th coordinate, and vice versa.

We can also easily see thats not a Markov random field with respect to any graph in whiktlvertices have
a degree less tham/2. LetG be a graph such thatis a Markov random field. Suppose for contradiction thategher
exists an € [n] for which it holds thafl'(i) € [n]. Then the local Markov property would be violated. Therefeach
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vertex in |n] is connected to either vertex+ 1 orn + 2. Hence, we conclude that either vertex 1 orn + 2 has at
leastn/2 vertices attached to it.

E Missing proofs
E.1 Proof of Proposition2

Proof. Let M be the sequential posted price mechanism that draws forieadh] a value p; uniformly at random
from the setS; = {UIT{”Z": k € [[log(r.i) — 11] U {O}}. M proposes prices to the buyers in an arbitrary order, dliei
price p; to buyeri.

Fori € [n], let 7 be the probability distribution of thigh coordinate ofr. Note thatS;| does not exceed logy;).
Therefore the probability thad; is the highest possible value (among the valueS;jrthat does not exceed the value
drawn fromr;, is at least 1log(r,;). More formally, letrs, be the uniform distribution o8; then

1
i pi~rs, [P < Ui L ESIP>PAP <)< ——.
Prym.p~ns, [P <0 N (Ap € Si: p{ > pi A P < vi)] log(rr)
Thus, with probability 1log(r;), the mechanism extracts from buyiea revenue of exactly; min2<, wherek is the
number such that the value drawn fromlies in betweeny min2 andu; min2*1. This implies that with probability
1/log(r,i) the mechanism extracts from buyex revenue that lies a factor of at mogRlaway fromw;. This leads to
the conclusion that

1 1

E;..[revenue oM(?)] > Z oot 2

i)

Ey~n [vi]

1
= Zlog(marry 1 < M) Z Euem [0i]

et

1
~ 2log(maxr,;: i € [n]}) EeAOPT@A],
whereOPT() = ¥y vi denotes the optimal social welfare when the buyers havatialuvector. m|

E.2 Proof of Lemmall

Proof. The second claim has been already proved in the proof skételemains to prove the first claim. To this
aim, let us first introduce some specialized notation: d-@ow be a probability distribution on a finite subsefaf
andx € supp¢), we write preg(x) to denote maxsuppi N [0, X) if supp) N [0, X) is non-empty. Otherwise, if
suppg) N[0, xX) = @, we define preg(x) = 0. Similarly, we write sucg(X) to denote min suppf) N (x, co]. (We leave
suce-(X) undefined if suppft) N (X, oo] is empty.)

Suppose now tha is an optimal dominant strategy IC, ex-post IR mechanismsEasupp(), denote by () the
expected allocation vector output Bywhen the buyers report valuation vecidiso that fori € [n], the valuex;(?) is
the probability that gets allocated service, when the buyers regaand denote by(v) the vector of expected prices
charged byA when the buyers repost Ex-post incentive compatibility states that

Vi € [n], 5 € suppgr-i), (i, v)) € SUPP@)?: viXi(oi, 0-i) — Pi(vi, B-i) > viXi(v], 5-1) — pile], 0-3),
and ex-post individual rationality states that
Vi e [n], o € supp@): vixi(vi, -i) — pi(vi, 7-) = 0.

The next lemma states that,An the allocation probability for a buyer is non-decreasimbyis reported valuation.

Lemma 5. Foralli € [n], all _; € n_;, and allv;, v} € supgr;z,), withv; < v, it holds that

Xi(vi, U-) < %i(vf, 7).
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Proof. By way of contradiction, we assume that x(vi,7_;) — x(v{, ) > 0. By ex-post incentive compatibility it
holds that

viXi (vi, 0-i) = Pivi, U-i) = vixi (], 0-i) = pi(v], v-i),
v Xi(vf, 0-i) = iy, 0-i) = v (wi, 0-i) — pivi, 0-).
We now rewrite these inequalities as
viXi (vi, 0=) — viXi (], 0-i) > pivi, 0-i) — pi(], U-i),
v (i, 0-) — o (o], 0) < i, 0-) — i (o], 349).
This results in the following pair of inequalities.
vie = pi(vi, ) — pi(v], 0),
vie < pi(oi, 0-) = piv], 0-i).
The two inequalities contradict each other, becafisev; and we assumed> 0. O

The next lemma upper bounds the prices charged.by

Lemma 6. Foralli € [n], all 7_; € supgv_i) and allv; € supgr z,), it holds that

P 0) (o) = DL (SUCG, () — u)X(ef. 84): ©)

v/esupim;,): v <
Proof. Foru, € suppfr ;) the ex-post IC constraint fat, v, preg, (vi) can be written as
v (% (v, 0-4) = xi (v, 0-0)) = pi(vf, 0-i) — pilw”, 9-4),
whereuv]” = preg, (v1). Summing the above over afl € supp(; ;). v < v; yields [9). O

The optimal revenue among all ex-post IC, ex-post IR medmasi(and thus the expected revenuéptan be
written as the following linear program, whengi))ssuppg) @and O(7))sesuppe) are the variables:

max{Z Z pi(?) l (10)

ie[n] vesuppfr)

Vi € [n], 7 € suppf): vixi(¥) - pi(?) = 0 (11)
Vi € [n], (uvi, v)) € SUpP@)?, Ui € SUPPfr—iy,): viXi(vi, U-i) — Pi(vi, ) > viX (], 5-) — pilef. 8=)  (12)
Vi € suppf): Z (@) <k (13)
Vi € [n], 7 € suppfr): 0 < x(?) < 1} (14)

In the above linear progranf, (I11) are the ex-post IR comesA{12) are the ex-post IC constraints, (13) expresses
that the service cannot be provided to more thényers.

By Lemmalb, it is possible to add to the above linear prograencinstraints(vi, 7_) > xi(preg, . i (v)) for
i € [n], 7. € suppfr-i),vi € suppfiz,). Moreover, by Lemm@l6, replacing the objective function by

> 2 n(ﬁ){vm(vi,ﬁ_i)— > (succn_ﬁi(vi)—vim(v{,ﬁ_i)]

ie[n] desuppfr) v ESUpPP g ) v <vi

and removing the constrainfs{11) afid](12) results in thievidhg linear program that upper bounds the optimal
revenue among the ex-post IC, ex-post IR mechanisms:

max{ > [Uixi(vi, o) - > (suce,, (w) - )X, ﬁ_i)] ‘ (15)

ie[n] desuppfr) v EsuUppP(i ;) v <vi
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Vi e [n], 7 e suppfr): x(¥) > xi(preg, , (vi), ) (16)

Yo € suppfr): Z xi(0) < k a7)

Vi € [n],7 € suppg): 0 < xi(0) < 1} (18)

We will show that the linear prograrhl(3-6) is equivalent te #hove. Sej;(¥) = x(?) — x.(pre(;,ﬁ (vi), U-) for

alli € [n],? € supp), and observe that the constrairiisl(16)] (17) &ndl (18) ane dyuivalent to|]4)E[5) anl(6)
respectively. Moreover, with this correspondence betweamdx, we can rewrite the objective function as follows:

IR GIEEICEDENEY (succq_ﬁi(vi)—vim(v;,ﬁ_i)]

ie[n] desuppfr) v/ ESUPPGi ;)¢ U] <
= Z Z mi(J-) Z i g, ()i (vi, 0-)
ie[n] 7 esupptr_;) viESUPP(i ;)
0D @) ) ma) D, (sucg,, () - w)X(f, )
ie[n] o_jesupp(-i) viESUPPLi ;) v ESUpPP g ;) v <vi
=) D i@ ), ma e, )
ie[n] _jesuppfr_i) viESUPPLi ;)
_ Z Z (@) Z Xi(v1. 3-)(SUCG,, (o) = )PTyyr,, [t > vi]
ie[n] 7_jesuppfr_i) Ui ESUPPGi g ;)
=X D ma@) DL X T, (0o - (SUCG,,, () = v)PTyr,, [U] > )
ie[n] _jesuppfr_i) viESUPPLi ;)
=3 D mai@) D X TPy, [ > v]u - (SUCG,, (0)Pryr,, o] > ul)
ie[n] o_jesupp(-i) viESUPP(i ;)
=3 D w6 0) - x(preg,, (@), )Py, [t} > vl
ie[n] 7_;esupptr_i) i ESUPPLi g ;)
=2, >, ma) DL Pry [ = oy ).
ie[n] 7;esuppr_i) viESUpP(is_;)
This completes the proof. m]

E.3 Proof of Lemmal3

Proof. We will show that the expected revenueMf is at least

2_—\@2 Z i (i) Z Pryoms [0} > viloi; (01, 320,

4 ie[n] _jesuppfr_i) viESUpP(ri ;)

which is by Theorerfil1 and the objective functiéh (3) a-(a/€)/4 fraction of the expected revenue of the optimal
ex-post IC, ex-post IR mechanism.

For a vector of valuationg € suppf) and a buyei € [n], denote byD;;, the probability distribution from
which mechanisnMX(%) draws a price that isfered to buyei, in case iteration € [n] is reached (as described
in Definition[I1). We letV be a number that exceeds n@axi € [n],7 € suppfr)} and represent by the option
whereMX(%) chooses the “do nothing™-option during iteratigrso thatD; ;, is a probability distribution on the set
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{V}U {vi: yj(vi, 7)) > 0}. Let us formulate an initial lower bound on the expected memeofM,'ﬁ.

E;..[revenue oMK(®)]

=E o |, PP <ullijeli-1]:pj<oli<K

P1~D1g 4. ieln]

pnNDn.an
DUE s [milp < oldll e fi- 11 py <ol < K]

ie[n] P1~Dis .,

Pn~Dni_pn

=3 > @ > pllp<oliliieli-10:p <ol <K [ [ Dia,(0)
i€[n] desuppt) piesuppPiy ;) jeli]
piesuppOis ;) (19)
=X > @ D>, pDin®) ), [] Die (0))
i€[n] desupp() piesuppDiz.;) presuppPa;z ;) jeli-1]
L Pisvi

PHESUPPbiflL(i,U)
s {jeli-1]ipj<vjli<k

piy; (pi, U-i) -
> 2w ) P peoy, [ieli-1py<oli<K]
i€[n] desupp() piesuppDiz.;) .

L Pisvi

Pi71~Dil1,u1(i,1)
piy; (pi, U-i) .
> > @ Y TSP o, [Hieln- 1 p <o) <K,
i€[n] desupp) piES.UppDi.U,i) .
P pn—l”‘Dn.—l.U,(n,l)
For the second equality, we applied linearity of expectatibe third equality follows from the definition of expected
value; to obtain the fourth inequality we eliminate the gator functions by removing the appropriate terms from the
summation,; in the fifth inequality we substitudg;  (p;, 7_;) and Dmi(p'j, v_;) by concrete probabilities. For the last
inequality we lower bounded the last probability in the egsion by replacingby n.
Forv € suppfr) andi € [n- 1], let us denote byf the probability that a price drawn frol; ; , does not exceed,

ie.,
7 y*(l)/, 174)
O Y D S (A0}
piesuppPig;): Pi<vi Vi ESUPP(ri ;)¢ v/ <vi

and letx’ denote the random variable that takes the value 1 with pitityay and the value 0 with probability £ Z'.
Then the final probability in the derivation above, i.e.,

Prop-p,, [{ieln-1]:pj<vjli<K

Pn-1~ Dil—l.i,(,-,,l)

can be written as

1-Pr

1
ien-1]

Z X7 > k|.

Lety = E [ Sign-y X{|. Next, we use a Chericoound:

Theorem 7 (Cherndf bound (as inl[Motwani and Raghavan, 1995])Lpt X, ..., X, be independent rando(0, 1)-
variables such that, for € [n], Pr[X; = 1] = p; where p € [0, 1]. Then, for X= ¥y Xi, p = E[X] = Xi¢q pi @nd
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anyé > 0,

e§ H

This implies that the expression above is bounded as follows
e/u=1 \H
) ((k/u)"“‘) '

2 k
X z(1+(— —1))u >
iefn=1] H

By the definition ofzf and constrainf(5) of the linear program, it holds that 3’1 47 < k/2. We can lower bound
the expression above by replacintpy k/2. To see this, rewrite it first into the following:

ek/,u—l H ek—/Hrkln(p)
_(W) R

The derivative of the exponent ef(with respect tqu) is positive foru € [0, k], which means that the exponenteis

increasing inu on [0, k]. Thus, replacing: by its upper bound/2 increases the exponent and therefore decreases the
expression above. Therefore:

1-Pr

Z X > k

ie[n-1]

1 ( )k/2 1 (2)1/2 _ 2_2\/5' (20)

Continuing from[(ZD), we obtain

Eslrevenue oM@ = > > x(9) Y p.y'(p" 7i)2- e

i€[n] gesuppf) piesuppDig): pi<ui 2 2

_2- \/é
D2 A Y pwipn)
i€[n] desuppfr) piesuppOiz;): pi<v

_2- \/é
Z Z Z T (Ul)pl%(ph i)
i€[n] 7.iesuppé-i) Ui, PLESUPP(iz )t Pi<vi

2- e .

- 4\/_ Z Z 7i(0-4) Z Vo i~mia [vi > pilpiyi (pis U-i),

ie[n] &_iesuppf-) PIESUPPGi s ): Pi<u

which proves the first of the two claims. For the second claibserve tha{{20) states a lower bound of(2/€)/2
on the probability that all players get selected by the meisima. Therefore, we can combirie20) with the principle
explained in Remarkl1, which allows us to transfokflj into a dominant strategy IC blindffier mechanisnivX.

Observe now thaf(19) is still a lower bound on the revenuﬁl,bﬁo that the revenue analysis Mk also holds for
MK, o
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