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THE H-INDEX CAN BE EASILY MANIPULATED

Bart de Keijzer Krzysztof R. Apt’

Abstract

We prove two complexity results about the H-index concemvél the
Google scholamerge operation on one’s scientific articles. The results show
that, although it is hard to merge one’s articles in an ogtiway, it is easy
to merge them in such a way that one’s H-index increases.sligigests the
need for an alternative scientific performance measurégiesistant to this
type of manipulation.

1 Introduction

TheH-index was introduced by the physicist J.E. Hirschlin [3] to ‘quinén in-
dividual's scientific research output’. Recall that it idided as the largestsuch
that one’sx most cited paper is cited at leastimes. (An aside: Hirsch’s origi-
nal definition was ambiguous as pointed outin [4], where tiveent definition is
proposed.) Its introduction led to an impressive literatuiccording to Google
scholar; by 18th of April 2013 this paper was cited 3043 timEs mention just
one example| [5] provided its axiomatic definition.

The H-index started to be used as a universal measure tsasssompare
researchers in a given discipline. Hirsch suggested indpeip'(with large error
bars) that for faculty at major research universitiesy 12 might be a typical
value for advancement to tenure (associate professoratd & 18 might be a
typical value for advancement to full professor’.

In fact, computer scientists seem to cite each
other much more often. Jens Palsberg maintains at
http://www.cs.ucla.edu/~palsberg/h-number.html a list of com-
puter scientists with H-index 40 or higher (a value corresjdag in Hirsch’s
article to Nobel prize winners). The list has more than 60@emand is based on
the output generated by Google scholar.
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Several people made obvious observations that the H-irmleke boosted by
such simple measures as adding your name to the articldemiby members of
your group, splitting a long article into a couple of shomeles, by citing one’s
and each other’s work, etc. For example, [1] studies thelprolof manipulability
of the H-index by means of self-citations.

This brings us to the subject of this not&oogle scholar allows one to perform
some operations on the listed articles; notably,tleege-operation allows one to
combine two versions of an article even if they havfadent titles. By means
of the merge operation, you can obviously improve your HeindSuppose for
instance that your H-index is 20. Then you can increase it &sging two articles
that are cited each 11 times.

This suggests two natural problems, where in each case wetcethe im-
provement of the H-index by means of the merge operation.

e Is it possible to improve your H-index?

e Given a numbek, determine whether your H-index can be improved to at
leastk.

2 Tworesults

To deal with these questions, we introduce first some notatd researcher’s
output is represented as a multiset of natural numbers, mamiver representing
a publication and its value representing the number of tegions. For example
the multisetl, 1, 2, 3,4, 4,5, 5, 5} represents an output consisting of 9 publications
with the corresponding H-index 4. Given a multi3ebf numbers we abbreviate
Yt Xt0 X, T. S0, T is the number of citations resulting from the merge of the
publications inT into one.

To deal with the outcomes of merges we need to consider ipadibf such
multisets. _

Fix a finite multisetS of numbers froniN.y. We denote bys the singletons
partition{{x} | x € S}. Given a patrtitiorv” of S, we define

V(T) =max|7'|| T/ ST VT €T ) T>I7T"]),

where, as usual7’| denotes the cardinality of the multisét (which is a sub-
multiset of a partition ofs in this case). In words, call a subsgt of the partition
7 good if each elemen® of 7 after merge into a single publication yields at
least|7”’| citations. So if one allows the merge operation, then a g@otitipn 7
ensures that the H-index can be set to at |€a4t Thenv(7") is the cardinality
of the largest good subset @f, hencev(7") is the largest H-index one can obtain



by means of the merge operation, wh'r(é_S) is the H-index corresponding to the
input multisetS. To put it more directly,

V(S) =max|T|| TCS, VxeT x> T,

where we refer to the submultisets. _

We call a partitionS of S animproving partition if v(S) > v(S). We can now
formalize the above two problems as follows, given as ingfutite multisetS of
numbers inY. .

H-index improvement problem Does there exist an improving partition? If
yes, find it.

H-index achievability problem Given a numbek, does there exist a partition
7 of S, such thaw/(7") > k?

In Sectior_ B, we present the proofs of the following two resul
Theorem 1. The H-index improvement problem can be solved in polynomial time.
Theorem 2. The H-index achievability problemis strongly NP-compl etefl

In particular, it is strongl\NP-hard to compute the maximal H-index that can
be achieved through the merge operation.

From the viewpoint of manipulability, Theorelm 1 is bad nevdeally, we
would like to have a performance measure that is computiodifficult to ma-
nipulate. One can see a parallel with the search for votirthous that are dlicult
to manipulate, see, e.q./[6]. Our conclusion is that the d&xis not the last word
in the ongoing quest to find a credible way to quantify onefsrdific output.

3 Proofsof thetheorems

In what follows, we assume that a multiset is represented last af possibly
duplicate numbers. A dierent way of representing a multiset would be the more
compact one, where we list only the distinct numbers thaeapm the multiset,
along with their respective multiplicity. We consider ttatér representation to
be unnatural, given the context in which we study this pnoble

Proof of Theorem[I. LetS be the given multiset. Le$’ be the smallest sub-
multiset of S such thatv(S) = v(S’). For instance, ifS = {5,4, 3,3, 3,2}, then

A decision problem that involves numerical input is said eostiongly NP-complete if the
problem isNP complete even if all the numbers in the input are represeantedary.



S ={54,3}andifS = {5,3,3,3,3,2},thenS’ = {5, 3, 3}. In both casgs'(S_) = 3.
Call a numberx € S’ supercritical if x > v(S) andcritical if x = v(S). LetC,
be the multiset of all supercritical numbers$handC the multiset of all criti-
cal numbers ir&’. Note thatC andC, partition S’ and thatv(S) = |C,]| + |C|.
Furthermore, let. denote the multiset €| smallest numbers i8.

For instance, ifS = {5,4,3,3,3,2}, thenC = {3} andL = {2}, and ifS =
{5,3,3,3,3,2}, thenC = {3, 3} andL = {3, 2}.

Note that below, we treat duplicate numbersSims having “separate identi-
ties”, so that for two numbers y € S that are equal in magnitude, it may hold
thatx € Cbuty ¢ Corx € L buty ¢ L. We believe that this slight informality and
definitional abuse will cause no confusion to the reader.

We first establish the following characterization result.

Lemma 1. There exists an improving partitionof Siff LN C = g and ), S\(C U
C,uULl)>|Cl+|C,l.

Proof. Suppose there exists an improving partit®of S.
We can assume without loss of generality that the followingpprties then
hold:

1. Each supercritical number B appears in a singleton setd These are
the only singleton sets if.

Indeed, if a supercritical numbgre S appears in a non-singleton §et S,
then take the partitiofi of S obtained fromS by splittingT into singletons.
BecauseS is an improving partition, there are at leagf) multisetsT’ ¢
S\{T} such that},; T’ > ¥(S). All multisets of S\{T} are in7". Also the
numberx is in a singleton set of andx > v(S). Therefore, there are in
7 at leastv(S) + 1 multisetsT’ such that}, T’ > «S). Hence,7 is an
improving partition.

After we have repeatedly performed the above splittingssteg obtain an
improving partitionS’ such that each supercritical numbes S appears in
a singleton set i®'.

Since _
V(S) > W(S) = IC.| +ICl 2 |C4l,

there exists inS” a non-singleton multiseél € S that contains only non-
supercritical numbers. Merging with it all singleton sétattcontain a non-
supercritical number yields the desired improving paniti

2. L is disjoint fromC.

By Property 1, the supercritical numbers form singletos geS, and each
remaining multiset has cardinality at least 2.Llfwere not disjoint from



C, then we would havés| < |C,| + |L| + |C|, so|S\C,]| < IL| + |C| = 2/C],
hence the numbeft of non-singleton multisets i¢ would be at mosiC|.
This yields a contradiction, since we would then hagg) < |C,| + ¢ <
IC,| +ICl = W(S).

3. InS, every critical number is in a set of cardinality 2.

Indeed, by Property 1, critical numbers do not appear inlsiog sets. Fur-
ther, if a critical numbex € S appears in a multisét € S of cardinality
exceeding 2, then we can splitin any way so thak is put in a multiset
T’ of cardinality 2. It then holds thgf T’ > v(S), so the resulting partition
remains an improving partition.

4. There is a bijectiornr : C — L such thaf{x, n(x)} € S (i.e.,C is “matched”
with L in S).

Indeed, by Property 3, every critical number is in a set oficeadity 2. Now,
let x be a critical number and lék, y} € S be the multiset of cardinality 2
that containx. If yis notinL, then|C| = [L| implies that there is a number
y' € Lthat occurs in a multisdt in S that does not contain a critical number.
Becausey <y, the operation of swapping andy in S does not decrease
the number of multisets that sum to at le&&) + 1. So the partition that
results after this swap remains an improving partition.

We havev(S) > v(S_) = |C,| + IC|, so by Properties 1,2, and 4, there is a
multisetT € S not intersectingC,, C, andL, such thaty; T > v(S). Hence
>S\(CUC,UL) = >T > vS) = |C| +]|C,|]. We conclude that if there is an
improving partition, thel. N C = @ and}, S\(CUC, UL) > |C| +|C,]|.

Conversely, ifLNC = @ and), S\(CUC, UL) > |C| +|C,|, then there is an
improving partition. It consists of

¢ the singletons, each containing an elemer@ gof
¢ the sets of cardinality 2, each containing a pair of elemiata C andL,

e the multisetS\(CUC, UL).

O

The proof of Theorerl1 is now immediate. It is straightfordvés compute
C,, C andL in polynomial time. Using the above lemma we can therefoteree
mine in polynomial time whether an improving partition @gisand find one in
polynomial time if it does. ]



Proof of Theorem 2. The problem is clearly iZNP, so the proof will focus on
establishing\P-hardness. We do this by means of a polynomial time reduction
from a stronglyNP-complete problem. The reduction is from the 3-PARTITION
problem. In the 3-PARTITION problem, we are given a multigkeof 3m positive
integers, such thgf M = mb for someb € N. We have to decide whether it is
possible to partition this set into submultisets, such that the sum of the numbers
in each submultiset is exactly

Garey and Johnson![2] prove that the 3-PARTITION problentrizgly NP-
complete, even under the assumption thlts represented as above (i.e., non-
concisely). This means that the 3-PARTITION problemNiB-complete even
whenb is bounded by some polynomial m. Denote this polynomial by(m).
From now on, with the SPECIAL 3-PARTITION problem we will nrethe spe-
cial case of the problem whebas bounded byp(m).

Before proceeding, one note is in order. In the original dgdim of the 3-
PARTITION problem, the additional requirement is imposkdttall sets in the
partition are of cardinality 3 (and this is also where the aafthe problem origi-
nates from). For convenience, we do notimpose this req@n¢imere. The reason
it is not necessary to impose this requirement is becaus2],iit s shown that
strongNP-hardness holds even when all numbers in the multiset actlystoe-
tweenb/2 andb/4. This enforces that all sets in the partition will be of ¢aadity
3. Without the cardinality constraint, the problem thusdyees more general, and
is automatically stronglWP-hard.

Given a SPECIAL 3-PARTITION instanceé&s(, m, b), we reduce it to an H-
index manipulation problem instancs, k) as follows. First, obtairs” from S’
by addingm to each number ir’. Note that §”, m k), wherek = b + 3m, is
a YES-instance of 3-PARTITION if and only if§{, m,b) is a YES-instance of
SPECIAL 3-PARTITION. Note also thd&&— m = b+ 2m > 0. Next, obtain the
multisetS from S” by addingk— mcopies ofk to S’. This takes polynomial time,
ask is bounded byp(m) + 3m.

We now show thatg, k) is a YES-instance of the H-index manipulation prob-
lem if and only if §”, m, k) is a YES-instance of 3-PARTITION.

If (S”, m k) is a YES-instance of 3-PARTITION, then [€tbe a certificate for
that, so7 is a partition ofS” into m multisets such that the sum of the numbers
in each multiset ik. Then by adding t& exactlyk — m copies of the setk},
we obtain a certificate thaB(k) is a YES-instance of the H-index achievability
problem, because = k.

Conversely, if §,k) is a YES-instance of the H-index achievability problem,
then let7” be a certificate for that. We can assume without loss of gétyetiaat
the partition7” contains exactlk — m copies of the sefk}. Indeed, otherwise we
can split each non-singleton setfnthat contains a copy dfinto singleton sets.
This will result in a desired certificate.



By removing all singleton set&} from 7~ we obtain a partitioly” of S”. By
the choice of §, k) this new partitior/” containam multisets, each of which sums
up tok. 7~ does not contain any additional multiset besides timeseultisets, as
then we would havg, S” > mk, which is not the case by construction. Therefore,
7 is a certificate that§”, m, k) is a YES-instance of 3-PARTITION. |
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